An equidistribution theorem for holomorphic Siegel modular forms for
  $GSp_4$ by Kim, Henry H. et al.
ar
X
iv
:1
60
4.
02
03
6v
1 
 [m
ath
.N
T]
  7
 A
pr
 20
16
AN EQUIDISTRIBUTION THEOREM FOR HOLOMORPHIC SIEGEL
MODULAR FORMS FOR GSp4 AND ITS APPLICATIONS
HENRY H. KIM, SATOSHI WAKATSUKI AND TAKUYA YAMAUCHI
Abstract. We prove an equidistribution theorem for a family of holomorphic Siegel cusp forms
for GSp4/Q in various aspects. A main tool is Arthur’s invariant trace formula. While Shin [58]
and Shin-Templier [59] used Euler-Poincare´ functions at infinity in the formula, we use a pseudo-
coefficient of a holomorphic discrete series to extract holomorphic Siegel cusp forms. Then the
non-semisimple contributions arise from the geometric side, and this provides new second main
terms A,B1 in Theorem 1.1 which have not been studied and a mysterious second term B2 also
appears in the second main term coming from the semisimple elements. Furthermore our explicit
study enables us to treat more general aspects in the weight. We also give several applications
including the vertical Sato-Tate theorem, the unboundedness of Hecke fields and low-lying zeros
for degree 4 spinor L-functions and degree 5 standard L-functions of holomorphic Siegel cusp
forms.
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1. Introduction
Recently equidistribution theorems for a family of automorphic forms or automorphic repre-
sentations of a reductive group G over a number field have been studied in various aspects. The
basic conceptual studies have been proposed by Sarnak and Serre in the case G = GL2 (cf. [52],
[57]) though the case when G has the compact symmetric space has been studied thoroughly.
Since then, the trace formula for G has become one of most powerful tools to analyze equidistri-
bution theorems related to a distribution of eigenvalues for a fixed operator acting on a family of
automorphic forms for G. After Selberg’s celebrated work, the trace formula for Hecke operators
on the space of automorphic representations for G whose symmetric space is non-compact, has
been developed by many people and it took much time and several stages to reach the current
form which is invariant under conjugation (see [2] and the references therein), which is called
Arthur’s invariant trace formula.
In [58], Shin made good use of Sauvageot’s important results [53] to show that the limit of
an automorphic counting measure is the Plancherel measure. It implies the equidistribution
of Hecke eigenvalues of automorphic forms on G. His key idea is to relate the automorphic
counting measure with the spectral side of Arthur’s invariant trace formula and then estimate
its geometric side. After that, in [59], he and Templier tackled a difficult problem of making it
explicit to obtain a power-saving error term for the purpose of an application to low-lying zeros
of a family of automorphic L-functions. To do that, as in [58], they used the geometric expansion
of the error term mainly consisting of global coefficients, invariant distributions, and orbital
integrals. Then they estimated each invariant in a uniform way. One of main difficulties seems to
be a uniform boundedness of the orbital integrals. However since they chose the Euler-Poincare´
function at infinity, they had only to consider the semisimple contributions in the geometric side.
This would be a usual way to get around the non-semisimple contributions. Their results are fully
general as much as possible within current knowledge under certain hypotheses such as Langlands
functoriality conjecture but they work on all automorphic forms or automorphic representations
which exhaust L-packets of the discrete series representations at infinity.
It is quite natural to consider the automorphic counting measure on automorphic represen-
tations with a fixed discrete series representation at infinity. In [58] Shin did not address this
problem but he claimed that it may be possible to do so. In this paper we carry it out, namely, we
study equidistributions of Hecke eigenvalues of holomorphic Siegel modular forms of degree two,
i.e., cuspidal representations which have a holomorphic discrete series at infinity. The strategy
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is similar to Shin [58] and Shin-Templier [59], but in addition to the semisimple contributions,
we also have to estimate the non-semisimple contributions which have not been understood well
in general. This makes the situation more difficult but as a payoff we will be able to observe
the meaning of the second main terms A,B1 coming from the non-semisimple contribution in
comparison with the spectral side and a mysterious contribution B2 also in the second main term
from the semisimple part. Furthermore our results are unconditional in contrary to [59]. To
explain our main results, we fix our notation.
Let G = GSp4 and S
′ be a finite set of rational primes. Note that the symbol S will be used
for a finite set of places including ∞ in Section 5 and Section 6. Let A (resp. Af ) be the ring of
(resp. finite) adeles of Q, QS′ =
∏
p∈S′ Qp, and A
S′,∞ =
∏′
p/∈S′∪{∞}Qp. Let Ẑ be the profinite
completion of Z. We denote by Ĝ(QS′) the unitary dual of G(QS′) =
∏
p∈S′ G(Qp) equipped
with Fell topology. Put AG,∞ = ZG(R)◦ ≃ R>0. Fix a Haar measure µS′,∞ of G(AS′,∞) so that
µS
′,∞(G(ẐS′)) = 1, and let U be a compact open subgroup of G(AS′,∞).
Consider the algebraic representation ξ = ξk for k = (k1, k2), k1 ≥ k2 ≥ 3 as in (3.3),
and let Dholl1,l2 be the holomorphic discrete series of G(R) with the Harish-Chandra parameter
(l1, l2) = (k1 − 1, k2 − 2), and whose central character equal to χξ∨ on AG,∞. We choose the test
function fS′ = fξfU such that fξ is a pseudo-coefficient of D
hol
l1,l2
. Then we define a measure on
Ĝ(QS′) by
(1.1)
µ̂U,ξk,Dholl1,l2
:=
1
vol(G(Q)AG,∞\G(A)) · dim ξk
∑
π0
S′∈Ĝ(QS′)
µS
′,∞(U)mcusp(π0S′ ;U, ξk,D
hol
l1,l2)δπ0S′ ,ξ
,
where δπ0
S′ ,ξ
is a normalized Dirac delta measure supported on π0S′ with respect to the Plancherel
measure µ̂plS′ on Ĝ(QS′) (see (4.7)), and for a given unitary representation π
0
S′ of G(QS′),
(1.2) mcusp(π
0
S′ ;U, ξk,D
hol
l1,l2) =
∑
π∈Π(G(A))
π
S′≃π0S′ , π∞≃D
hol
l1,l2
mcusp(π)tr(π
S′,∞(fU )) · tr(π∞(fξ)).
To state the equidistribution theorem, we need to introduce the Hecke algebra C∞c (G(QS′))
which is dense under the map fS′ 7→ f̂S′ = [f̂S′ : πS′ 7→ trπS′(fS′)] in a reasonable space
F(Ĝ(QS′)) consisting of suitable µ̂plS′-measurable functions on Ĝ(QS′) (see Section 2.3 of [58]
for that space). Put Kp = G(Zp). The spherical Hecke algebra H
ur(G(Qp)) is defined by the
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subalgebra consisting of Kp-bi-invariant functions in C
∞
c (G(Qp)). It is well-known that
Hur(G(Qp)) = C[ha1,a2,a3 | a1, a2, a3 ∈ Z, a3 ≥ a1 ≥ a2 ≥ 0]
where ha1,a2,a3 is the characteristic function of Kpdiag(p
−a1 , p−a2 , pa1−a3 , pa2−a3)Kp. For any
κ ∈ Z≥0 we denote by Hur(G(Qp))κ the C-span of the functions ha1,a2,a3 satisfying a3 ≤ κ.
In this paper, we restrict ourselves to U = K(N) for N ∈ Z>0 which is the kernel of the natural
quotient map from G(Ẑ) to G(Ẑ/N Ẑ). Put Γ(N) = Sp4(Q)∩K(N). Let S′ = {p} for p ∤ N . Let
µ̂plp = µ̂
pl
{p}. Then our main theorem is as follows:
Theorem 1.1. Let {(K(N), ξk)} be a family of weights and levels so that p ∤ N , k1 ≥ k2 ≥ 3
and N + k1 + k2−→∞. For any f ∈ Hur(G(Qp))κ,
lim
k1+k2+N→∞
µ̂K(N),ξk,Dholl1,l2
(f̂) = µ̂plp (f̂).
More precisely, there exist constants a, b, a′ and b′ depending only on G such that
(1) (level-aspect) Fix k1, k2. Then for N ≫ p10κ,
µ̂K(N),ξk,Dholl1,l2
(f̂) = µ̂plp (f̂) +A+O(p
aκ+bϕ(N)N−3), A = O(pκϕ(N)N−2),
where ϕ stands for Euler’s phi function:
(2) (weight-aspect) Fix N . Then as k1 + k2 →∞,
µ̂K(N),ξk,Dholl1,l2
(f̂) = µ̂plp (f̂) +B1 +B2 +O(
pa
′κ+b′
(k1 − k2 + 1)(k1 − 1)(k2 − 2)),
B1 = O(
pκ
(k1 − 1)(k2 − 2)), B2 = O(
pκ
(k1 − k2 + 1)(k1 + k2 − 3)).
Remark 1.2. Here the second main terms A,B1 come from non-semisimple contributions (I2(f)
in Proposition 6.2 and 6.3), while B2 comes from semisimple contributions (I3(f) in Proposition
6.3).
We explain several applications of Theorem 1.1. First, we consider the vertical Sato-Tate
theorem which is formulated in terms of the classical setting. Let Sk(Γ(N), χ) be the space of
classical holomorphic Siegel cusp forms of level Γ(N) with a central character χ : (Z/NZ)×−→C×
and weight k = (k1, k2), k1 ≥ k2 ≥ 3 (see (2.12) of Section 2.1). For a prime p ∤ N , let T (pn)
be the Hecke operator with the similitude pn (see Section 2.2). Any eigenform with respect to
T (pn) for any non-negative integer n and any prime p ∤ N is called a Hecke eigen cusp form.
Let HEk(Γ(N), χ) be a basis of Sk(Γ(N), χ) consisting of Hecke eigen forms outside N . Let
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Sk(Γ(N), χ)
tm be the subspace of Sk(Γ(N), χ) generated by any Hecke eigen form F outside N
so that πF,p is tempered for any p ∤ N . Put HEk(Γ(N), χ)
tm = Sk(Γ(N), χ)
tm ∩HEk(Γ(N), χ).
For each p ∤ N , we fix a square root χ(p)
1
2 in C and we write χ(p)−
1
2 for (χ(p)
1
2 )−1. For
a Hecke eigen form F ∈ Sk(Γ(N), χ)tm, the Satake parameter of πF,p at p ∤ N is given by
{α0p, α0pα1p, α0pα1p, α0pα1pα2p}. Since α20pα1pα2p = χ(p)2, if we let αF,p = α0p and βF,p =
α0pα1p, it can be written as {α±F,p, β±F,p} Then it follows from the temperedness that if we set
aF,p := αF,pχ(p)
− 1
2 + α−1F,pχ(p)
1
2 , bF,p := βF,pχ(p)
− 1
2 + β−1F,pχ(p)
1
2 ,
then
aF,p, bF,p ∈ [−2, 2].
We introduce a suitable measure
µp = fp(x, y)g
+
p (x, y)g
−
p (x, y) · µST∞
on Ω := [−2, 2] × [−2, 2], where
fp(x, y) =
1((√
p+ 1√p
)2
− x2
)((√
p+ 1√p
)2
− y2
) , µST∞ = (x− y)2π2
√
1− x
2
4
√
1− y
2
4
,
g±p (x, y) =
1(√
p+ 1√p
)2
− 2
(
1 + xy4 ±
√
1− x24
√
1− y24
) .
Note that the denominator of g+(x, y)g−(x, y) is x2 + y2 − xy(p + p−1) − 4 + (p + p−1)2. Let
C0(Ω,R) be the space of R-valued continuous functions on Ω. To control non-tempered part of
Sk(Γ(N)) we need to assume that (N, 11!) = 1 which might be unnecessary. Then we have
Theorem 1.3. Let p ∤ N , k1 ≥ k2 ≥ 3, and N + k1 + k2−→∞ satisfying (N, 11!) = 1. Put
dtmk,N (χ) = dimSk(Γ(N), χ)
tm. Then the set
{(aF,p, bF,p) ∈ Ω | F ∈ HEk(Γ(N), χ)tm}
is µp-equidistributed in Ω, namely, for any f ∈ C0(Ω,R),
lim
N+k1+k2→∞
p∤N, (N,11!)=1
1
dtmk,N (χ)
∑
F∈HEk(Γ(N),χ)tm
f(aF,p, bF,p) =
∫
Ω
f(x, y)µp.
It follows immediately from this that
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Corollary 1.4. Let the notation be in Theorem 1.3. Then
sup
N+k1+k2→∞
(N,11!)=1
{[QF : Q] | F ∈ HEk(Γ(N), χ)tm} =∞
where QF is the Hecke field of F in Definition 2.14.
The space Sk(Γ(N), χ)
tm contains endoscopic lifts from elliptic modular forms which are called
Yoshida lifts. The above corollary is still true even if we restrict F to be a non-endoscopic lift
but as mentioned before we set a condition on the level so that N is coprime to 11! to control
the conductor under the functoriality:
Corollary 1.5. Let the notation be as above. Then
sup
N+k1+k2→∞
(N,11!)=1
{[QF : Q] | F ∈ HEk(Γ(N), χ)tm : non-endoscopic} =∞.
In the above corollary it is also interesting to remove among HEk(Γ(N), χ)
tm the lift from
Hilbert modular forms over real quadratic fields and the symmetric cubic lift other than endo-
scopic lifts. We do not treat these two cases in this paper. It is possible to study the former
one by using Base change but the latter one is difficult to analyze and need something beyond
endoscopy.
Next, we consider the distribution of the low-lying zeros of either spinor or standard L-functions
for our family. For simplicity, denote Sk(Γ(N), 1), HEk(Γ(N), 1) by Sk(N), HEk(N), resp. For
F ∈ Sk(N) we denote the non-trivial zeros of L(s, πF , ∗), ∗ ∈ {Spin,St} by σF = 12 +
√−1γF .
We do not assume GRH, and hence γF can be a complex number. Let φ be a Schwartz function
which is even and whose transform has a compact support (so φ extends to an entire function).
Define
D(πF , φ, ∗) =
∑
γF
φ
(γF
2π
log ck,N
)
,
where log ck,N =
1
dimSk(N)
∑
F∈HEk(Γ(N))
log c(F, ∗) and c(F, ∗) stands for the analytic conductor
(see Section 9). Then we prove
Theorem 1.6. Let the notations be as in Theorem 1.3. Put dk,N = dimSk(N). Let φ be a
Schwartz function which is even and whose Fourier transform has a support sufficiently smaller
than (−1, 1). Then
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(1) lim
N+k1+k2→∞
(N,11!)=1
1
dk,N
∑
F∈HEk(N)
D(πF , φ,Spin) = φˆ(0) +
1
2
φ(0) =
∫
R
φ(x)W (G)(x) dx,
where G = SO(even), SO(odd), or O type.
(2) lim
N+k1+k2→∞
(N,11!)=1
1
dk,N
∑
F∈HEk(N)
D(πF , φ,St) = φˆ(0)− 1
2
φ(0) =
∫
R
φ(x)W (Sp)(x) dx,
where the corresponding density functions W (G) are
W (SO(even))(x) = 1 +
sin 2πx
2πx
, W (SO(odd))(x) = 1− sin 2πx
2πx
+ δ0(x),
W (O)(x) = 1 +
1
2
δ0(x), and W (Sp)(x) = 1− sin 2πx
2πx
.
Remark 1.7. We stated our result only for Γ(N) for simplicity. In weight aspect we expect that
our result holds for other congruence subgroups such as Γ0(N) =
{(
A B
C D
)
|C ≡ 0 (N)
}
.
Remark 1.8. Kowalski-Saha-Tsimerman [35] (in level one case) and M. Dickson [18] considered
weighted one-level density of spinor L-functions of scalar-valued Siegel cusp forms, namely, let
Fk(N) be a basis of the space of Siegel eigen cusp forms of weight k with respect to Γ0(N). Then
lim
N+k→∞
1∑
F∈Fk(N)
ωF,N,k
∑
F∈Fk(N)
ωF,N,kD(πF , φ,Spin) = φˆ(0) − 1
2
φ(0) =
∫
R
φ(x)W (Sp)(x) dx.
where
ωF,N,k =
√
π(4π)3−2kΓ(k − 32)Γ(k − 2)|A(F ;E2)|2
vol(Γ0(N)\H2)4〈F,F 〉 ,
and F (Z) =
∑
T>0
A(F ;T )e2πiTr(TZ). So the symmetry type is Sp. Notice that the symmetry type
is changed due to the weighted sum.
Remark 1.9. If we apply the main results in Shin-Templier [59] for G = GSp4, one-level density
is for a family of all cuspidal representations whose infinity types are in the local L-packet con-
sisting of both holomorphic discrete series Dholl1,l2 and the large discrete series D
large
l1,l2
. Hence their
family consists of both holomorphic Siegel cusp forms and non-holomorphic forms. The global
L-packet of a holomorphic Siegel cusp form always contains a non-holomorphic form. However,
there are cuspidal representations with the large discrete series at the infinity whose global L-packet
does not contain any cuspidal representation with a holomorphic discrete series at infinity.
Let S˜k(N) be the set of isomorphic classes of cuspidal representations with the given infinity
type in the local L-packet {Dholl1,l2 ,D
large
l1,l2
}. Then Shin-Templier showed that
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lim
k1+k2+N→∞
1
|S˜k(N)|
∑
π∈S˜k(N)
D(π, φ, ∗) = φˆ(0)± 1
2
φ(0) =
∫
R
φ(x)W (G)(x) dx,
where ± is according to ∗ = Spin or St, resp. and G is as in Theorem 1.6. The symmetry type
is the same because the L-functions of representations in the same L-packet remain the same.
Also we can see that the contribution from endoscopic non-holomorphic forms is negligible, and
in fact, we expect that it matches with non-semisimple contributions from the geometric side. We
elaborate it more in Section 11.
Some experts in the trace formula may be wondering why we did not use the stable trace
formula for proving the main theorem. A reason is that even if we use the stable trace formula
for G = GSp4, we would have to take care of the fundamental lemma for Hecke elements under
several transfers which might be feasible, but this gives rise to a conditional result in contrast to
our main theorem. However, the method of the stabilization is still important in our proof. In
fact, our argument of estimating non-semisimple terms is essentially the same as the stabilization.
This paper is organized as follows. In Section 2, we recall the correspondence between classical
holomorphic Siegel cusp forms and their adelic forms and their associated cuspidal automorphic
representations of GSp4. We also recall various subspaces and their dimensions. In Section 3 we
quickly recall the classification of the algebraic representations of GSp4(R) and adjust a central
character to match with the holomorphic discrete series in question.
In Section 4 we give a precise description of the spectral decomposition and residual spectrum
and classification of CAP forms. Even though we consider a pseudo-coefficient of holomorphic
discrete series, there are non-trivial contributions from the residual spectrum and CAP forms. We
also define a normalized (automorphic) counting measures which will be related to the Plancherel
measure with error terms. In Section 5, we estimate the global coefficients, invariant distributions
which are (limit) character formulas of holomorphic discrete series, and orbital integrals for
spherical elements. The geometric side will be decomposed into seven main terms according to
the shape of conjugacy classes. In Section 6, by using results in previous section we estimate
those seven terms. In Section 7, we give a proof of the main theorem. Their interpretation in
terms of classical Siegel modular forms will be given in Section 8. In Section 9, we review the
spinor L-function and the standard L-function of automorphic representations for GSp4 whose
infinite component is the holomorphic discrete series and estimate the conductor which shows
up in the functional equation. Then using the main theorem, we can estimate the sum of the
10 HENRY H. KIM, SATOSHI WAKATSUKI AND TAKUYA YAMAUCHI
coefficients of automorphic L-functions. In Sections 10, we apply results of Section 9 to obtain
the one-level density result for degree 4 spin L-functions and degree 5 standard L-functions.
In Section 11 we compare Shin’s work with ours to explain the meaning of the second main
terms in terms of automorphic representations. An analytic property of an infinite sum which is
necessary in Section 10 will be proved in the appendix.
Acknowledgments. We would like to thank J. Arthur, P.-S. Chan , M. Miyauchi, R. Schmidt,
S-W. Shin and N. Templier for helpful discussions. This work started when the authors visited
RIMS in Kyoto in February 2015. We also discussed at KIAS in June 2015 and university of
Toronto in September 2015. We thank these institutes for their incredible hospitality.
2. Preliminaries for holomorphic Siegel modular forms
In this section, we recall holomorphic Siegel modular forms of genus 2. We refer to [62],
[25] for the classical setting and [8] for the adelic setting. First we fix our notation. For any
commutative ring R with a unit, let Mn(R) be the algebra consisting of all square matrices over
R with size n and denote by En (resp. 0n) the identity matrix (resp. zero matrix). We write
diag(a1, . . . , an) ∈ Mn(R) for the diagonal matrix whose entries are a1, . . . , an ∈ R. We also
write tX for the transpose of X ∈Mn(R).
We define the generalized symplectic group by
G = GSp4 =
{
X ∈ GL4
∣∣∣∣∣ tX
(
02 E2
−E2 02
)
X = ν(X)
(
02 E2
−E2 02
)
, ν(X) ∈ GL1
}
which is a smooth algebraic group scheme over Z. The similitude ν defines the character ν :
G−→GL1 and defines the symplectic group Sp4 := Ker(ν) which is of rank 2.
Let B be the standard Borel subgroup consisting of upper triangular matrices and T be the
split diagonal torus in B. For i = 1, 2, let Pi = MiNi be the parabolic subgroup of G = GSp4
defined by
M1 =
{(
A 0
0 utA−1
) ∣∣∣∣∣ A ∈ GL2, u ∈ GL1
}
≃ GL2×GL1, N1 =
{(
E2 S
0 E2
) ∣∣∣∣∣ S =
(
a b
b c
)}
,
N2 =
{(
E2 A
0 E2
)(
C 0
0 C ′
)∣∣∣∣∣A =
(
a b
b 0
)
, C =
(
1 d
0 1
)
, C ′ =
(
1 0
−d 1
)}
,
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M2 =


t
a b
det(g)/t
c d

∣∣∣∣∣ t ∈ GL1, g =
(
a b
c d
)
∈ GL2

.
We sometimes use the theory of elliptic modular forms on the upper half-plane H1 with respect
to the following congruence subgroups of SL2(Z):
Γ1(N) = {g ∈ SL2(Z) | g ≡ E2 mod N},
Γ11(N) =
{
g =
(
a b
c d
)
∈ SL2(Z)
∣∣∣∣∣ a− 1 ≡ c ≡ 0 mod N
}
,
Γ10(N) =
{
g =
(
a b
c d
)
∈ SL2(Z)
∣∣∣∣∣ c ≡ 0 mod N
}
.
2.1. Classical Siegel modular forms. Let H2 = {Z ∈ M2(C)| tZ = Z, Im(Z) > 0} be the
Siegel upper half-plane of degree 2. For a pair of non-negative integers k = (k1, k2), k1 ≥ k2 ≥ 0,
we define the algebraic representation λk of GL2 with the highest weight k by
Vk = Sym
k1−k2St2 ⊗ detk2St2,
where St2 is the standard representation of dimension 2 with the basis {e1, e2}. More explicitly,
if R is any ring, then Vk(R) =
k1−k2⊕
i=0
Rek1−k2−i1 · ei2 and for g =
(
a b
c d
)
∈ GL2(R), λk(g) acts on
Vk(R) by
g · ek1−k2−i1 · ei2 := det(g)k2(ae1 + ce2)k1−k2−i · (be1 + de2)i.
We identify Vk(R) with R
⊕(k1−k2+1), and λk(g) with the representation matrix of λk(g) with
respect to the above basis.
We have the action and the automorphy factor J(γ, Z) by
(2.1) γZ = (AZ +B)(CZ +D)−1, J(γ, Z) = CZ +D ∈ GL2(C),
for γ =
(
A B
C D
)
∈ GSp4(R)+ and Z ∈ H2.
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For an integer N ≥ 1, we define a principal congruence subgroup Γ(N) to be the group
consisting of the elements g ∈ Sp4(Z) such that g ≡ 1 mod N . For a Vk(C)-valued function F on
H2, the action of γ ∈ GSp4(R)◦ is defined by
(2.2) F (Z)|[γ]k := λk(ν(γ)J(γ, z)−1)F (γZ).
The algebra of all Sp4(R)-invariant differential operators on H2 is isomorphic to C[Ω,∆], the
commutative polynomial ring of two variables, where Ω is the degree 2 Casimir element, and ∆
is the degree 4 element. (see Section 5 of [33] for the details and Ω = ∆1,∆ = ∆2 in the notation
there.) It is easy to see that
(2.3) ΩF =
1
12
((k1 − 1)2 + (k2 − 2)2 − 5)F, ∆F = ((k1 − 1)(k2 − 2))2F,
for all Vk(C)-valued holomorphic function F on H2 when k1 ≥ k2 ≥ 0. When (k1, k2) =
(3, 3), (3, 1), or (0, 0), the two eigenvalues are 0 and 4. It is similar for (k1, 3) and (k1, 1).
However if k2 > 3, then there is no weight other than (k1, k2) itself with the same eigenvalues.
This observation would be related to the sets in (5.8).
Suppose that k2 ≥ 3 and let us introduce the Harish-Chandra parameter (l1, l2) for the
holomorphic discrete series generated by (non-zero) F of weight (k1, k2). It has the relation
(k1, k2) = (l1 + 1, l2 + 2). Then in terms of the Harish-Chandra parameter we rewrite (2.3) as
follows:
(2.4) ΩF =
1
12
(l21 + l
2
2 − 5)F, ∆F = (l1l2)2F.
Let us turn to the general case of k1 ≥ k2 ≥ 0. For a principal congruence subgroup Γ(N), N ≥
1, we say that a holomorphic function F : H2−→Vk(C) is a holomorphic Siegel modular form of
weight (k1, k2) with respect to Γ(N) if it satisfies F |[γ]k = F for any γ ∈ Γ(N). If we further
impose the following condition, we call F a holomorphic Siegel cusp form:
lim
Z→∂H2
F |[γ]k(Z) = 0 for any γ ∈ Sp4(Q)
where ∂H2 stands for the boundary of the Satake compactification ofH2. We denote byMk(Γ(N))
(resp. Sk(Γ(N))) the space of such holomorphic Siegel modular (resp. cusp) forms. The space
Ek(Γ(N)) of Eisenstein series is defined by the orthogonal complement of Sk(Γ(N)) inMk(Γ(N))
with respect to Petersson inner product. Hence we have
Mk(Γ(N)) = Sk(Γ(N))⊕ Ek(Γ(N)).
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By Harish-Chandra (see Theorem 1.7 of [8].) the space Mk(Γ(N)) is finite dimensional. We will
give an estimation of the dimension of Sk(Γ(N)) and of its specific subspace later on.
The group Γ(N) contains the subgroup consisting of
(
E2 NS
0 E2
)
, S = tS ∈M2(Z). Hence for
a given F ∈Mk(Γ(N)), we have the Fourier expansion
(2.5) F (Z) =
∑
T∈Sym2(Z)≥0
AF (T, Y )e
2π
√−1
N
tr(TX), Z = X + Y
√−1 ∈ H2,
where Sym2(Z)≥0 is the subset ofM2(Q) consisting of all symmetric matrices
(
a b2
b
2 c
)
, a, b, c ∈ Z,
which are semi-positive definite.
2.2. Hecke operators. We define the Hecke operators onMk(Γ(N)) as in [19]: For any positive
integer n coprime to N , let
∆n(N) :=
{
g ∈M4(Z) ∩GSp4(Q)
∣∣∣∣∣ g ≡
(
E2 0
0 ν(g)E2
)
mod N, ν(g) = n
}
.
For m ∈ ∆n(N), we introduce the action of the Hecke operators on Mk(Γ(N)) by
(2.6) TmF (Z) := ν(m)
k1+k2
2
−3 ∑
α∈Γ(N)\Γ(N)mΓ(N)
F (Z)|[(ν(m)− 12α]k,
and for any positive integer n, put
T (n) :=
∑
m∈Γ(N)\∆n(N)
Tm.
These actions preserve the space Sk(Γ(N)). For t1 = diag(1, 1, p, p), t2 = diag(1, p, p
2, p) for
a prime p, put Tj,pk := Ttkj
j = 1, 2, k ∈ Z>0 and fix S˜pi,1, S˜pi,pi ∈ Sp4(Z) so that S˜pi,1 ≡
diag(p−i, 1, 1, pi) mod N and S˜pi,pi ≡ diag(p−i, p−i, pi, pi) mod N for each i ∈ Z>0. Put Rpi :=
S˜pi,piTpiE4 = p
i(k1+k2−6)S˜pi,pi and note that it commutes with any Hecke operator. Then we see
that
T (p) = T1,p, T (p
2) = T1,p2 + T2,p +Rp,
T 21,p − T (p2)− p2Rp = p(T2,p + (1 + p2)Rp),
T 22,p = Tdiag(1,p2,p4,p2) + (p+ 1)Tdiag(p,p,p3,p3) + (p
2 − 1)Tdiag(p,p2,p3,p2) + (p4 + p3 + p+ 1)Rp2 .
(2.7)
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The last relation is obtained as follows: First, we note that M ∈ T2,p if and only if rp(M) = 1,
where rp(M) is the rank of M mod p. Then
T 22,p =
∑
M
t(KMK)KMK,
whereM runs over all double coset representatives of K\∆p4(N)/K, and t(KMK) is the number
of left coset representatives A of T2,p/K such that A
−1M ∈ T2,p, i.e., rp(A−1M) = 1. Now M
runs over the following elements;
diag(1, 1, p4, p4), diag(1, p, p4, p3), diag(1, p2, p4, p2),
diag(p, p, p3, p3), diag(p, p2, p3, p2), diag(p2, p2, p2, p2).
Then we may use the explicit left coset representatives in p.189-190 of [49].
By (1.15), p.435 of [19] we have the following relation:
∞∑
n=0
T (pn)tn =
Pp(t)
Qp(t)
, Pp(t) = 1− p2Rpt2,
Qp(t) = 1− T (p)t+ {T (p)2 − T (p2)− p2Rp}t2 − p3RpT (p)t3 + p6Rp2t4.
(2.8)
The finite group Sp4(Z/NZ) ≃ Sp4(Z)/Γ(N) acts on Mk(Γ(N)) by F 7→ F |[γ˜]k if we fix a
lift γ˜ of γ ∈ Sp4(Z/NZ). We denote this action by the same notation F |[γ]k. This action does
not depend on the choice of lifts of γ. The diagonal subgroup of Sp4(Z/NZ) is isomorphic to
(Z/NZ)××(Z/NZ)× by sending Sa,b := diag(a−1, b−1, a, b) to (a, b) and it also acts onMk(Γ(N)),
factoring through the action of Sp4(Z/NZ). Then we have the character decomposition
(2.9) Mk(Γ(N)) =
⊕
χ1,χ2:(Z/NZ)×−→C×
Mk(Γ(N), χ1, χ2),
where Mk(Γ(N), χ1, χ2) = {F ∈ Mk(Γ(N)) | F |[Sa,1]k = χ1(a)F and F |[Sa,a]k = χ2(a)F}. It is
easy to see that the Hecke operators preserveMk(Γ(N), χ1, χ2) (cf. [51]). We should remark that
in order that Mk(Γ(N), χ1, χ2) 6= 0, the weight (k1, k2) has to satisfy the parity condition
(2.10) χ2(−1) = (−1)k1+k2 .
In particular, if N = 1 or 2, then χ2 has to be trivial and therefore
(2.11) k1 + k2 ≡ 0 mod 2.
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Put
Mk(Γ(N), χ) :=
⊕
χ1:(Z/NZ)×−→C×
Mk(Γ(N), χ1, χ)
Sk(Γ(N), χ) :=Mk(Γ(N), χ) ∩ Sk(Γ(N)).
(2.12)
Throughout this paper, we assume this parity condition (2.10) for F . Let
F (Z) =
∑
T∈Sym2(Z)≥0
AF (T, Y )e
2π
√−1
N
tr(TX) ∈Mk(Γ(N), χ), Z = X + Y
√−1,
be an eigenform for all T (pi), p ∤ N, i ∈ N with eigenvalues λF (pi), i.e.,
T (pi)F = λF (p
i)F.
By (2.8) we have the following relation:
∞∑
n=0
λF (p
n)tn =
PF,p(t)
QF,p(t)
, PF,p(t) = 1− pµ−1χ(p)t2,
QF,p(t) = 1− λF (p)T + {λF (p)2 − λF (p2)− pµ−1χ(p)}t2 − χ(p)pµλF (p)t3 + χ(p)2p2µt4
(2.13)
where µ = k1 + k2 − 3. Then we define the partial spinor L-function of F by
LN (s, spin, F ) :=
∏
p∤N
QF,p(p
−s)−1.
Definition 2.14. We define the Hecke field QF of F by
QF = Q(λF (p
i), χj(p), j = 1, 2 for p ∤ N and i ≥ 0).
It is well-known (cf. [62]) that QF has a finite degree over Q since Mk(Γ(N)) has a Q-
structure LQ which is preserved by Hecke actions and the Hecke algebra inside EndQ(LQ) is
finitely generated.
2.3. Adelic forms. For a positive integer N , let K(N) be the group consisting of the elements
g ∈ GSp4(Ẑ) such that g ≡ E4 mod N . Then we see that Γ(N) = Sp4(Q)∩K(N) and ν(K(N)) =
1 +N Ẑ. Then it follows from the strong approximation theorem for Sp4 that
G(A) =
∐
1≤a<N
(a,N)=1
G(Q)G(R)+daK(N) =
∐
1≤a<N
(a,N)=1
G(Q)ZG(R)
+Sp4(R)daK(N)(2.15)
where da is the diagonal matrix such that (da)p = diag(a, a, 1, 1) if p|N , (da)p = E4 otherwise.
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Let I := E2
√−1 ∈ H2 and U(2) = StabSp4(R)(I). For any open compact subgroup U of
GSp4(Ẑ) we let Ak(U)◦ denote the subspace of functions φ : GSp4(Q)\GSp4(A)−→Vk(C) such
that
(1) φ(guu∞) = λk(J(u∞, I)−1)φ(g) for all g ∈ G(A), u ∈ U , and u∞ ∈ U(2)AG,∞,
(2) for h ∈ G(Af ), the function
φh : H2−→Vk(C), φh(Z) = φh(g∞I) := λk(J(g∞, I))φ(hg∞)
is a holomorphic function where Z = g∞I, g∞ ∈ Sp4(R) (note that this definition is
independent of the choice of g∞),
(3) for g ∈ G(A),
∫
NR(Q)\NR(A)
φ(ng)dn = 0 for any parabolic Q-subgroup R and dn is the
Haar measure on NR(Q)\NR(A).
We define similarly Ak(U) by omitting the last condition (3). Let Γ(N)a := Sp4(Q) ∩
d−1a K(N)da. Note that Γ(N)a = Γ(N) for each a. Then we have the isomorphism
(2.16) Ak(K(N)) ∼−→
⊕
1≤a<N
(a,N)=1
Mk(Γ(N)a), φ 7→ (φda)a.
We also have the isomorphism
(2.17) Ak(K(N))◦ ≃
⊕
1≤a<N
(a,N)=1
Sk(Γ(N)a) ≃
⊕
1≤a<N
(a,N)=1
Sk(Γ(N)),
as well (cf. [8] for checking the cuspidality). We should note that it follows from the condition
(1) to be an automorphic form that
(2.18) φ(gz∞) = z−(k1+k2)∞ φ(g), g ∈ G(A), z∞ ∈ AG,∞.
Now we restrict the isomorphism (2.16) to specific subspaces, using the character decomposition
(2.9). Given two Dirichlet characters χi : (Z/NZ)
×−→C×, i = 1, 2, associate the characters
χ′i : A
×
f −→C× via the natural map A×f −→Â×f /Q>0 = Ẑ×−→(Z/NZ)×.
Define χ˜ : T (Af )−→C× by
χ˜′(diag(∗, ∗, c, d)) = χ′1(d−1c)χ′2(d).
Choose F = (Fa) from RHS of (2.16) which satisfies F |[Sz,z]k = (Fa|[Sz,z]k) = (χ2(z)Fa) =
χ2(z)F and F |[Sz,1]k = χ1(z)F . If we write g ∈ G(A) as g = rz∞dag∞k ∈ G(A) and take
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zf ∈ T (Af ), then define the automorphic function attached to F by
(2.19) φF (gzf ) = λk(J(g, I))
−1Fa(g∞I)χ˜(zf ).
Then this gives rise to the isomorphism of the subspaces
Ak(K(N), χ˜) ∼−→
⊕
1≤a<N
(a,N)=1
Mk(Γ(N)a, χ1, χ2).
The central character of any element in Ak(K(N), χ˜) is given by χ2 and hence Ak(K(N), 1) ≃⊕
χ1∈ ̂(Z/NZ)×
⊕
1≤a<N
(a,N)=1
Mk(Γ(N)a, χ1, 1).
Remark 2.1. Note that Mk(Γ(N)) is embedded diagonally into
⊕
1≤a<N
(a,N)=1
Mk(Γ(N)a). So given
a cusp form F ∈ Mk(Γ(N)), we obtain φF ∈ Ak(K(N)) which under the isomorphism (2.16),
corresponds to (F, ..., F ), and φF gives rise to a cuspidal representation πF . Conversely, given
a cuspidal representation π of GSp4(A), there exists N > 0 and φ ∈ Ak(K(N)) which spans π.
Under the isomorphism (2.16), φ corresponds to (Fa) 1≤a<N
(a,N)=1
. For any a, let πFa be the cuspidal
representation associated to Fa. Then π and πFa have the same Hecke eigenvalues for p ∤ N , and
hence they are in the same L-packet.
We now study the Hecke operators on Ak(K(N)) and its relation to classical Hecke operators.
Let φ be an element of Ak(K(N)) and F = (Fa)a be the corresponding element of RHS via the
above isomorphism (2.16). For any prime p ∤ N and α ∈ G(Q) ∩ T (Qp), define the Hecke action
with respect to α
(2.20) T˜αφ(g) :=
∫
G(Af )
([K(N)pαK(N)p]⊗ 1K(N)p)(gf )φ(ggf )dgf ,
where dgf is the Haar measure on G(Af ) so that vol(K) = 1. Here K(N)p is the p-component
of K(N) and K(N)p is the group consisting of all elements of K(N) with trivial p-component.
Here [K(N)pαK(N)p] stands for the characteristic function of K(N)pαK(N)p. Then by using
(2.15) and (2.20), we can easily see that
(2.21) ν(α)−
k1+k2−3
2 TαF (Z) = ν(α)
− 3
2 T˜α−1φ(g),
where g = rz∞gag∞k as above and Z = g∞I (cf. Section 8 of [43]). From this relation, up to the
factor of ν(α)
k1+k2
2
−3, the isomorphism (2.16) preserves Hecke eigenforms in both sides.
18 HENRY H. KIM, SATOSHI WAKATSUKI AND TAKUYA YAMAUCHI
Conversely, let F ∈ Sk(Γ(N)) be a Siegel cusp form which is a Hecke eigenform. Then it is easy
to see that φ = (F )a is an eigenform in
⊕
1≤a<N
(a,N)=1
Sk(Γ(N)a). Hence we have the Hecke eigenform
φ in Ak(K(N)) corresponding to F . We denote by πF the automorphic cuspidal representation
associated to F via φ.
To end this subsection we give an estimation of the dimension of each space which immediately
follows from [63], [64]:
Proposition 2.2. For any k = (k1, k2), k1 ≥ k2 ≥ 3 and N , as N + k1 + k2 →∞,
(1) dimSk(Γ(N)) ∼ C ·N10(k1 − 1)(k2 − 2)(k1 − k2 + 1)(k1 + k2 − 3),
(2) dimAk(K(N))◦ ∼ C · ϕ(N)N10(k1 − 1)(k2 − 2)(k1 − k2 + 1)(k1 + k2 − 3),
(3) dimSk(Γ(N), χ) ∼ C · N10ϕ(N)(k1 − 1)(k2 − 2)(k1 − k2 + 1)(k1 + k2 − 3),
(4) dimAk(K(N), χ)◦ ∼ C ·N10(k1 − 1)(k2 − 2)(k1 − k2 + 1)(k1 + k2 − 3),
where C is a positive constant which is independent of k and N .
Proof. First we assume k2 ≥ 5 and treat the cases (1) and (2). Then one can apply Theorem
3, 4 of [63] in case N = 1, 2, and Theorem 7.3 of [64] in case N ≥ 3 for (j, k) = (k1 − k2, k2).
If k2 = 3 or 4, the argument in Section 5 of [30] shows the above dimension formulas is still
validity for k2 ≥ 3 up to the difference comes from dimMk1−1,1(Γ(N)) which occurs in case
k2 = 3. By Proposition 4.6 and 4.1, we will see that dimMk1−1,1(Γ(N)) = o(dimSk(Γ(N))) as
k1 + k2 +N →∞. Hence we have the claim. The second claim follows from (2.17).
For (3), (4), consider a normal subgroup of Sp4(Z) defined by
Γ′(N) = {γ ∈ Sp4(Z) | (γ mod N) ∈ (Z/NZ)×E4}.
By Theorem 3.2 of [64] the main term contributing to the dimension is
[Sp4(Z) : Γ
′(N)](k1 − 1)(k2 − 2)(k1 − k2 + 1)(k1 + k2 − 3)
up to an absolute constant. Hence we have the assertion since
[Sp4(Z) : Γ
′(N)] = ϕ(N)−1[Sp4(Z) : Γ(N)].

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2.4. The infinity component of πF . Let F be a Hecke eigenform in Sk(Γ(N)) with the asso-
ciated cuspidal representation πF = πF,∞ ⊗ ⊗′pπF,p of GSp4(A). We assume that k1 ≥ k2 ≥ 3.
Then πF,∞ is a unitary tempered representation in the discrete spectrum and its minimal K-type
is (k1, k2) = (l1 + 1, l2 + 2), where (l1, l2) is the Harish-Chandra parameter in the holomorphic
discrete series. Under the condition l1 > l2 > 0, the discrete series with the Harish-Chandra
parameter (l1, l2) is unique up to isomorphism as (g,K)-cohomology where g stands for the com-
plexification of Lie(Sp4(R)) and K = U(2). Let Dholl1,l2 be the holomorphic discrete series of
GSp4(R) with Harish-Chandra parameter (l1, l2) as above and its central character is given by
z 7→ z−k1−k2 = z−l1−l2−3 on AG,∞ ≃ R>0. If we want to insist on the minimal K-type (k1, k2) in-
stead of the Harish-Chandra parameter (l1, l2), the holomorphic discrete series in question would
be denoted by Dholk1,k2 . Hence we have
πF,∞ ≃ Dholl1,l2 .
Note that both of central characters coincide on AG,∞ because of (2.18).
3. Algebraic representations of GSp4(R)
In this section we quickly recall algebraic representations of GSp4(R). This is necessary to fix
the central characters of the representations associated to classical Siegel modular forms.
Recall G = GSp4 and put G0 = Sp4. Let T0 be the split maximal diagonal torus of G0 and
K0 be the maximal compact subgroup of G0(R). Let ξ = (ξ, V ) be an irreducible algebraic
representation of GSp4(R). We have a decomposition Lie(G(R)) = z ⊕ Lie(G0(R)) where z ≃ R
is the center of Lie(G(R)). The infinitesimal action of Lie(G(R)) on V uniquely determines ξ
since there exists a sufficiently small, open neighborhood of GSp4(R) at the origin in Euclidean
topology whose Zariski closure is GSp4(R). It follows from this and the classification of all
algebraic representations for Sp4 (cf. Section 16.2 of [21]) that
(3.1) ξ ≃ νc ⊗ ρa,b, c ∈ Z
where ν : GSp4−→GL1 is the similitude and ρa,b is a unique irreducible algebraic representation
of G(R) with highest weight (a, b) ∈ Z2, a ≥ b ≥ 0. It is clear that the compact torus U(1)×U(1)
in U(2) is Zariski dense in T0(C) via U(2) ≃ K. Hence the algebraic character of T0 is completely
determined by the action of the diagonal compact torus U(1) × U(1). It follows from this that
ρa,b|K0 contains V(a,b) (see Section 2.1 for the notation). The central character of ξ is given by
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diag(z, z, z, z) 7→ z2c+(a+b) by (3.1). By Weyl’s dimension formula (see (24.19) in p.406 of [21]),
(3.2) dim ξ = dim ρa,b =
(a− b+ 1)(a+ b+ 3)(a + 2)(b+ 1)
6
.
Put ξc,a,b = ν
c ⊗ ρa,b. We usually consider
(3.3) ξk = ξ3,k1−3,k2−3, k = (k1, k2), k1 ≥ k2 ≥ 3
and then the central character of its dual ξ∨k coincides on AG,∞ with one of D
hol
k1,k2
. Note that
dim ξk =
(k1 − k2 + 1)(k1 + k2 − 3)(k1 − 1)(k2 − 2)
6
=
(ℓ1 − ℓ2)(ℓ1 + ℓ2)ℓ1ℓ2
6
=
1
6
d(Dholk1,k2),
where d(Dholk1,k2) = (ℓ1 − ℓ2)(ℓ1 + ℓ2)ℓ1ℓ2 is the formal degree of Dholk1,k2 .
4. Spectral decomposition and Automorphic counting measures
In this section as Shin did in [58], we introduce measures related to several automorphic forms
to look carefully inside the spectral side. This is necessary to extract only holomorphic forms
from Arthur’s trace formula. It will be clear later on. However in order to do that, we have to
use a single pseudo-coefficient in the trace formula and it causes defects which never appear in
the setting of [58]. Namely, non-semisimple orbit contributions arise from the geometric side.
Let us first fix a measure on G(A). For any finite prime p, let µp be the Haar measure on
G(Qp) so that µp(G(Zp)) = 1. Let µ∞ be the Euler-Poincare´ measure (see Section 2 of [58]).
Then the product measure µ =
∏
p≤∞
µp on G(A) is compatible with the point counting measure
on G(Q) and the Lebesgue measure on AG and therefore it defines the quotient measure µ on
G(Q)AG,∞\G(A) = G(Q)\G(A)1 where G(A)1 = {g ∈ G(A) | |ν(g)|A = 1}. It follows that
(4.1) G(A) ≃ G(A)1 ×AG,∞, g = (gf , g∞) 7→ ((gf , g∞|ν(g)|−1A ), |ν(g∞)|))
and clearly G(A)1 ⊃ G(Q).
4.1. Spectral decomposition. For a quasi-character χ (which is not necessarily unitary) on
AG,∞ we define L2 := L2(G(Q)\G(A), χ) as the space of C-valued functions on G(A) which
are square integrable modulo AG,∞ with respect to the measure χ, left G(Q)-invariant, and
transform under AG,∞ by χ. Here “square integrable modulo AG,∞” means that the integral
over G(Q)\G(A)1 is square integrable which makes sense because of (4.1). The regular action
of G(A) decomposes the Hilbert space L2(G(Q)\G(A), χ) into the discrete spectrum and the
continuous one. Then
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L2disc(G(Q\G(A), χ) = L2cusp(G(Q)\G(A), χ) ⊕ L2res(G(Q)\G(A), χ).
For ∗ ∈ {disc, cusp, res}, let
L2∗ := L
2
∗(G(Q\G(A), χ) =
⊕
π
m∗(π)π,
where m∗(π) is the multiplicity of π in L2∗(G(Q\G(A), χ).
We review the residual spectrum of GSp4 in [32]:
L2res(G(Q\G(A), χ) = L2(B)⊕ L2(P1)⊕ L2(P2).
Then
L2(P1) =
⊕
(π,η)
J(
1
2
, π ⊗ η),
where π runs over cuspidal representations of GL2(AQ) with the trivial central character such
that L(12 , π) 6= 0, and η runs over gro¨ssencharacters of A×Q such that η2∞ = χ, and J(12 , π ⊗ η) is
the unique quotient of IndGP1π|det |
1
2 ⊗ η.
Similarly,
L2(P2) =
⊕
(η,π)
J(1, η ⊗ π),
where η runs over nontrivial quadratic characters of A×Q, and π runs over monomial cuspidal
representations of GL2(AQ) such that π ≃ π ⊗ η, and ηωπ = χ, and J(1, η ⊗ π) is the unique
quotient of IndGP2η| · | ⊗ π.
Finally,
L2(B) = J(ρB , χ(1, 1, µ)) ⊕
⊕
ν
J(e1, χ(ν, ν, µ)),
where ν runs over nontrivial quadratic characters and µ2 = χ. Here J(ρB , χ(1, 1, µ)) is the unique
quotient of IndGBχ(1, 1, µ)⊗ exp(〈ρB + ρB ,HB( )〉), and J(e1, χ(ν, ν, µ)) is the unique quotient of
IndGBχ(ν, ν, µ) ⊗ exp(〈e1 + ρB,HB( )〉), which is the Langlands quotient of IndGP2 | · | ⊗ σ, where
σ = IndM2B χ(ν, ν, µ).
Any local component of a representation in the residue spectrum is known to be non-tempered
(cf. [66]). Recall that Dholk1,k2 is tempered for k1 ≥ k2 ≥ 3. Therefore
HomG(R)(D
hol
k1,k2 , L
2
res) = 0.
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4.2. Special cohomological representation of GSp4(R). As we will see in Section 4.5, the
trace of a pseudo-coefficient of a holomorphic discrete series Dholl1,l2 may be non-vanishing for
Dholl1,l2 , ωl1 , and 1, where 1 is the trivial representation of G(R), and ωl is a certain unitary
representation defined as follows: For l ≥ 2, it is the induced representation IndG(R)Sp4(R) ω′l, where
ω′l is the Langlands quotient of Ind
Sp4(R)
P2(R)∩Sp4(R)| · |sgn⋊D
+
l , where D
+
l is the holomorphic discrete
series of SL2(R) with minimal K-type l.
By the classification of the residual spectrum, 1 occurs as an infinity component of residual
spectrum from the Borel subgroup:
(4.2) HomG(R)(1, L
2)K(N) = HomG(R)(1, L
2(B))K(N) =
⊕
χ∈ ̂(Z/NZ)×
χ2=1
C.
One can see easily that there are no cuspidal representations with the infinity component 1: If
F is such a form, then clearly, ΩF = 0 for any differential operator. This is clearly not possible.
(Or one can see from strong approximation theorem that G(Q)G(R) is dense in G(A). Hence if 1
is the infinity component of an automorphic representation, the automorphic representation has
to be 1.)
The special unitary representation ωl occurs as the infinity component of residual spectrum
of Klingen parabolic subgroup, and CAP forms of weight (l + 1, 1) from the Klingen parabolic
subgroup (Proposition 4.4). It is non-tempered. Hence
HomG(R)(ωl1 , L
2
res)
K(N) = HomG(R)(ωl1 , L
2(P2))
K(N) →֒
⊕
a∈(Z/NZ)×
E1(k1,1)(Γ(N)a),
where E1(k1,k2)(Γ(N)) is the space of Klingen Eisenstein series of weight (k1, k2).
Proposition 4.1. For any k1 ≥ k2 ≥ 1,
dimE1(k1,k2)(Γ(N)) = O(k1N
3) as k1 +N →∞.
Proof. Put P ′2 = P2 ∩ Sp4 (Recall that P2 is Klingen parabolic in GSp4). Put π : P ′2−→SL2 be
the projection to SL2-factor of the Levi subgroup of P
′
2. Let Γ(1) =
∐
λ Γ(N)MλP
′
2(Z) be the
double coset decomposition and Φ1λ be the associated Siegel Φ-operator for each Mλ.
First we assume that k2 > 4. By a similar argument in the proof of Proposition 2.1 in [1], one
has an injective linear map which is Hecke equivariant outside N :
Φ : E1(k1,k2)(Γ(N))−→
∏
λ
Sk1(Γλ), F 7→ (Φ1λ(F ))λ
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where Γλ = π(MλP
′
2M
−1
λ ∩ Γ(N)) ≃ π(M−1λ Γ(N)Mλ ∩ P ′2) = π(Γ(N) ∩ P ′2) = Γ1(N). By
multiplicity one theorem for elliptic newforms, Φ1λ(F ) is independent of λ which means the
composition of Φ with any projection to the λ-th component is still injective. Summing up, we
have
dimE1(k1,k2)(Γ(N)) ≤ dimSk1(Γ1(N)).
Since dimSk1(Γ
1(N)) = O(k1N
3) as k1 +N →∞, we have dimE1(k1,k2)(Γ(N)) = O(k1N3).
Next we assume that 1 ≤ k2 ≤ 4. Let E4 be the Siegel Eisenstein series of weight 4 with
respect to Γ(1) = Sp4(Z). By multiplying E4 we have an injective linear map E1(k1,k2)(Γ(N)) →֒
E1(k1+4,k2+4)(Γ(N)). Then we may apply the previous argument. 
4.3. Classification of endoscopic forms. In this section we study endoscopic forms in Sk(Γ(N))
and give an estimation of the dimension of the space Senk (Γ(N)) generated by such forms.
For simplicity we work on adelic forms instead of classical forms. We write Aenk (Γ(N))◦ for
the adelic version of Senk (Γ(N)) via the isomorphism (2.17). We will freely use the results
in [48]. The endoscopic lift in our situation is a functorial lift from the endoscopic group
H := GSO(2, 2) to GSp4. Note that GSO(2, 2) ≃ (GL2 × GL2)/{(z, z−1) : z ∈ GL1}, and
GSO(4) ≃ (D× ×D×)/{(z, z−1) : z ∈ GL1}, where D is a quaternion division algebra over Q.
Hence a cuspidal representation of GSO(2, 2) (resp. GSO(4)) can be written as (π1, π2), where
π1, π2 are cuspidal representations of GL2 (resp. D
×) with the same central characters. When
we lift a pair of elliptic new forms of weights ≥ 2, it is known that
(1) if the lift factors through GSO(4) via Jacquet-Langlands correspondence, then it has to
be a holomorphic discrete series at infinity, and
(2) if the lift does not factor through GSO(4), then the lift can not be a holomorphic discrete
series at infinity (it is a large discrete series).
Since we are interested in holomorphic Siegel forms, only the first case can happen.
For any reductive group G over Q, we denote by Π(G(A)) the set consisting of the isomorphism
classes of cuspidal automorphic representations of G(A).
Let Π(τ) be the global packet for GSp4 constructed from a cuspidal representation τ of H(A)
via theta lift due to Roberts [48]. Put r1 = k1+k2−2 and r2 = k1−k2+2. By adjusting the central
character, we may assume that any element of Π(τ) is realized in the space L2cusp(G(Q)\G(A), χξ∨ )
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for ξ = ξk. Then we see that
(4.3)
dimAenk (K(N))◦ = vol(K(N))−1
∑
τ∈Π(H(A))
τ∞≃Dr1⊗Dr2
∑
Π∈Π(τ)
Π∞≃Dholk1,k2
m(Π)tr(Πf (1K(N))), m(Π) ∈ {0, 1}
where 1K(N) = charK(N). Note that s · τ 6≃ τ (s interchanges the two components) because of
the infinite type and r1 6= r2. We shall describe the RHS more precisely. For Π ∈ Π(τ), let TΠ
be the set of every places v of Q so that Πv ≃ θGSO(4)(τJLv ) where GSO(4) ≃ (D×v × D×v )/Q×v
for a unique quaternion division field over Qv and θ is the local theta lift from GSO(4) to GSp4.
Note that τv is necessarily square integrable. We write τ = (π1, π2) for τ ∈ Π(H) where each πi
is a cuspidal automorphic representation of GL2(A) such that ωπ1 = ωπ2 . For such a τ , let Tτ be
the set of all places of Q so that both of π1,v and π2,v are square integrable.
By Theorem 8.5 of [48] and Theorem 8.1,8.2 of [24], if m(Π) = 1, then for each Π ∈ Π(τ), τ =
(π1, π2), there exists a definite quaternion algebra D over Q such that τ is in the image of Jacquet-
Langlands correspondence from GSO(D)(A) and the set of ramified places of D is given exactly
by TΠ = Tτ and
(1) for each v ∈ Tτ ,
(a) if σJL = π1,v = π2,v, then Θ(σ⊠σ) = θ(σ⊠σ) is the unique non-generic direct factor
of IQ(Z)(1, σ
JL) where Q(Z) stands for the Klingen parabolic subgroup,
(b) if π1,v 6= π2,v, then Θ(πJL1,v ⊠ πJL2,v) = θ(πJL1,v ⊠ πJL2,v) is a non-generic supercuspidal
representation,
(2) for each v 6∈ Tτ , one of π1,v and π2,v has to be a principal series representation and
(a) if π1,v is square integrable and π2,v = π(χ, χ
′) for unitary characters χ, χ′ so that
ωπ1,v = χχ
′, then θ(π1,v ⊠ π2,v) = JP (Y )(π1,v ⊗ χ−1, χ) is a non generic Langlands
quotient of IP (Y )(π1,v⊗χ−1, χ) where P (Y ) stands for the Siegel parabolic subgroup,
(b) if π1,v = π(χ1, χ
′
1) and π2,v = π(χ2, χ
′
2) for unitary characters χi, χ
′
i so that χ1χ
′
1 =
χ2χ
′
2, then θ(π1,v ⊠ π2,v) = Ind
G
B(χ
′
2/χ1, χ2/χ1;χ1).
In each case the local L-packets are given as follows (see Section 8 of [13] for (1) and Section 6.6
of [13] for (2)):
(1) (a) {π+, π−} where π+ (resp. π−) is the unique generic (resp. non-generic) direct factor
of IQ(Z)(1, σ
JL),
(b) {π+ := θ(π1,v ⊠ π2,v), π− := θ(πJL1,v ⊠ πJL2,v)},
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(2) (a) {π+, π− := JP (Y )(π1,v ⊗ χ−1, χ)} where π+ is the unique generic direct factor of
IP (Y )(π1,v ⊗ χ−1, χ),
(b) {IndGB(χ′2/χ1, χ2/χ1;χ1)} (the packet is singleton).
For a principal congruence subgroup K(N) we put KH(N) = H(Af ) ∩K(N). For a finite place
v = pv of Q, put Nv = p
ordv(N)
v . From now suppose that (N, 11!) = 1. Then by The´ore`m
3.2.3 of [20], (1K(N)v , N
−2
v 1KH(N)v ) is a transfer pair for each finite place v. We now apply
the (endoscopic) local character identities (Proposition 6.9 of [13] for the L-packets in (2) and
Proposition 8.2 for the L-packets in (1)) with the transfer pair (1K(N)v , N
−2
v 1KH(N)v ) for each
finite placev, the RHS of (4.3) is bounded by
RHS ≤ vol(K(N))−1
∑
τ∈Π(H(A))
τ∞≃Dr1⊗Dr2
∑
Π∈Π(τ)
Π∞∈{Dholk1,k2 ,D
large
k1,k2
}
m(Π)tr(Πf (1K(N)))
≤ vol(K(N))−1
∑
τ∈Π(H(A))
τ∞≃Dr1⊗Dr2
2|Tτ |N−2tr(τf (1KH (N)))
≪ vol(K(N))−1N−2+εvol(KH(N))dimSr1(Γ1(N))× dimSr2(Γ1(N))
≪ (r1 − 1)(r2 − 1)N9+ε
Since dimSenk (Γ(N)) = ϕ(N)
−1dimAenk (Γ(N))◦, we have
Theorem 4.2. dimSenk (Γ(N)) = O((k1−k2+1)(k1+k2−3)N8+ε) as N+k1+k2 →∞, (N, 11!) =
1.
4.4. Classification of CAP forms. In this section, we classify CAP forms. We say F is a CAP
form associated to a parabolic subgroup P if πF is a CAP representation associated to P in the
sense of [22]. Such a representation is completely classified by [46],[61], [54].
For holomorphic Siegel modular CAP forms of weight k1 ≥ k2 ≥ 1, it turns out that
(1) in the case when (k1, k2), k2 > 2, it has to be a CAP form associated to Siegel parabolic
subgroup and k1 = k2;
(2) in the case when k2 = 2, we must have k1 = k2 = 2 and it can be a CAP form associated
to any parabolic subgroup;
(3) in the case when (k1, k2) = (1, 1), it can be a CAP form associated to Borel or Klingen
parabolic subgroup, but not Siegel parabolic subgroup;
(4) in the case when k1 > k2 = 1, it has to be a CAP form associated to Klingen parabolic
subgroup.
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In [51], one can see several examples regarding to the second case. In the third case Weissauer
proved that any (Hecke eigen) Siegel modular forms of weight one with respect to Γ0(N) is CAP
(see [69]), but it is still open whether it is also the case for Γ(N). In the case (4), it will be
proved in Proposition 4.4 that any (Hecke eigen) Siegel modular forms of weight (k1, 1) k1 ≥ 3
is always a CAP form associated to Klingen. We expect that it holds even if k1 = 2 but in this
case we cannot use the geometric argument and thus we might have to rely on the classification
of representations for GSp4. Once Arthur’s conjectural classification in [6] is completed, then our
expectation would be true since it is known to be non-tempered at infinity by [47].
Consider the first case k1 ≥ k2 ≥ 2. We first observe that k1 = k2 by the argument in p.225 of
[54] and hence put k := k1 = k2. In this case the central character of πF should be a square of a
character and by twisting we may assume that it is trivial. R. Schmidt completely characterized
any holomorphic CAP form associated to P1 (see Theorem 3.1 of [54].) by constructing a lift
from a cuspidal automorphic representation π of PGL2(A). Schmidt’s construction can be a
functorial lift by the local Langlands conjecture established by [23] (see Remark 3.2-(a) of [54]).
To characterize πF by using the completed L-function (product over all places), we have to
carefully look at the behavior at bad places since weak equivalence does not characterize F
except for the case of level one.
Let SP1k (Γ(N)) be the space generated by Hecke eigen cusp forms of parallel weight k which
are CAP associated to P1. We now try to estimate the dimension of this space. Let AP1k (Γ(N))◦
be the adelic version of SP1k (Γ(N)) via (2.17). To do this we carefully check the behavior of the
levels under the functorial lift constructed by Schmidt. As is done for endoscopic lifts we work
on adelic forms.
Since any CAP representation associated to the Siegel parabolic subgroup can be regarded
as a cuspidal representation of PGSp4(A) by Theorem 2.1 of [46], we first assume that any
representation in question has the trivial central character.
Let A(π) := A(π, 1) be a candidate of the global A-packet for PGSp4 constructed from a
cuspidal representation π of PGL2(A) due to Schmidt [54] and Section 4,5 of [22] (they studied
the same A-packets in conjunction with Waldspurger’s local packers, cf. Section 3 of [54]). We
will use A(π) as a tool to describe the dimension of AP1k (K(N), 1)◦ := AP1k (Γ(N))◦∩Ak(Γ(N), 1)◦
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and do not care whether this packet satisfies desirable properties. Then we see that
(4.4) dimAP1k (K(N), 1)◦ = vol(K(N))−1
∑
π∈Π(PGL2(A))
τ∞≃D2k−2
∑
Π∈A(π)
Π∞≃Dholk1,k2
m(Π)tr(Πf (1K(N))),
where m(Π) ∈ {0, 1}. We study the RHS more precisely. For π ∈ Π(PGL2(A)), let Sπ be the set
of all places v of Q such that πv is square integrable.
By Theorem 3.1 of [54], for each Π ∈ Π(τ) with m(Π) = 1, there exists a subset S ⊂ Sπ such
that Π = Π(π ⊗ πS) and (−1)|S| = ε(1/2, π) and
(1) if v 6∈ S, then Πv is the unique, non-tempered irreducible quotient Q(| · |1/2π, | · |−1/2)
(see Proposition 5.5.1 of [49]) of IndGP1(| · |1/2π⋊ | · |−1/2) where P1 is the Siegel parabolic
subgroup,
(2) if v ∈ S \ {∞}, then Πv = SK(πJLv ) = θ((πJLv ⊠ StJL)+) is a non-generic (tempered)
cuspidal representation, and
(3) if v =∞, then Π∞ = Dholk,k.
Put U = K(N) (resp. U1 = K1(N)) and let Uv (resp. U
1
v ) be the v-component of U (resp.
U1). In the first case, by using Iwahori decomposition with respect to P1 = M1N1 so that
Uv = (Uv ∩ N−1 )(Uv ∩ M1)(Uv ∩ N1) we see that (Πv)Uv ≃ (ΠvN1)Uv∩M1 , where ΠvN1 is the
Jacquet module of Πv (see the argument of the proof of Theorem 2.1 of [43] though it might be
well-known for experts). By using explicit semisimple decomposition of ΠvN1 in the Table A.3,
p. 273 of [49] we have that tr(Πv(1Uv )) ≤ 3tr(πv(1U1v )) in the first case (1).
In the second case the packet is L-packet and it consists of {π− := θ((πJLv ⊠ StJL)+), π+ :=
θ((πv ⊠ St)
+)}. Therefore one can apply the previous argument in the case of endoscopic lifts.
To bound (4.3) we additionally count admissible representations Π′ obtained from Π in Π(τ)
by switching the non-generic representation π− with the generic representation π+ at the finite
places v in the case (2). Therefore we have
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RHS = vol(K(N))−1
∑
π∈Π(PGL2(A))
τ∞≃D2k−2
∑
Π∈A(π)
Π∞≃Dholk1,k2
∑
S⊂Sπ
ε(1/2,π)=(−1)|S|
tr(Πf (1K(N)))
≤ vol(K(N))−1
∑
π∈Π(PGL2(A))
τ∞≃D2k−2
∑
Π∈A(π)
Π∞≃Dholk1,k2
∑
S⊂Sπ
ε(1/2,π)=(−1)|S|
{tr(Πf (1K(N))) + tr(Π′f (1K(N)))}
≤ vol(K(N))−1
∑
π∈Π(PGL2(A))
τ∞≃D2k−2
∑
S⊂Sπ
ε(1/2,π)=(−1)|S|
∏
v 6∈S
3 · tr(πv(1U1v ))(4.5)
×
∏
v∈S\{∞}
2N−2v tr((πv ⊠ St)(1KH (N)v ))
≪ vol(K(N))−12|{p|N}|N−2vol(KH(N))ϕ(N)−1dimS2k−2(K1(N))× [Γ10(N) : Γ1(N)]
≪ kN7+ε
Note that [Γ10(N) : Γ
1(N)] comes from
dimStK
1(Nv) = dim(StK
1
0 (Nv))K
1
0 (Nv)/K
1(Nv) = dim(Cvnew)
K10 (Nv)/K
1(Nv) = [K10 (Nv) : K
1(Nv)]
where vnew is a new vector of St. Summing up we have
Theorem 4.3.
dimSP1k (Γ(N)) = O(kN
7+ε)
as N + k →∞, (N, 11) = 1.
Proof. It follows from
dimSP1k (Γ(N)) = O(dimS
P1
k (Γ(N), 1)ϕ(N)) = O(dimAP1k (K(N), 1)◦) = O(kN7+ε).

Next we consider the case k1 ≥ 3 and k2 = 1. First of all we prove the following:
Proposition 4.4. Let k ≥ 3 and N ≥ 1 be integers. Then any Siegel cusp form F of weight
(k, 1) with respect to Γ(N) which is a Hecke eigenform is a CAP form associated to the Klingen
parabolic subgroup, and its associated cuspidal representation has the infinity type ωk−1.
Proof. By [47], πF,∞|Sp4(R) has the component which is isomorphic to ωk−1. (In [47], ωk−1
is denoted as L(k − 1, 1).) Since it is the Langlands quotient of IndSp4(R)P2(R)∩Sp4(R)| · |sgn ⋊ D
+
k ,
H2((LieSp4(R),K), ωk−1 ⊗ ξ∨(k,3)) 6= 0 by a direct calculation with Proposition 3.1 of [9, p.36].
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For p ∤ N , let Satp(πF ) be the set of all Satake parameters of πF,p which take the values in
LGSp4 = GSp4(C). By Theorem 24.1 of [39] (see also Theorem 7.5-(4) of [38]), there exists an
elliptic new form f of weight k with level dividing a power of N such that
Satp(πF ) = {p1/2αp, p1/2βp, p−1/2α−1p , p−1/2β−1p }
for all p ∤ N , where {αp, βp} is the Satake parameters of πf,p. This means that πF is weakly
equivalent to Ind
Sp4(A)
P2(A)∩Sp4(A)| · |sgn ⋊ πf and hence F is a CAP form associated to the Klingen
parabolic subgroup. 
By Proposition 4.4, if F is any Siegel cusp form of weight (k, 1), k ≥ 3 with respect to Γ(N)
which is a Hecke eigenform, then πF is a CAP representation associated to P2 and then it follows
from [61] that πF can be obtained by a theta lifting from a Hecke character for an imaginary
quadratic field. In [68], Weissauer computed the dimension of S(3,1)(Γ(N)) but his calculation
works for any weight (k, 1) with k ≥ 3 (just replace δ(K, 2, aN1) with δ(K, k − 1, aN1) in his
notation).
For an imaginary quadratic field K let OK be the ring of integers, w(K) the cardinality of the
units in OK , DK the fundamental discriminant of K, and θK the different of K/Q. For an ideal
f ⊂ OK , let EK,f be the units in OK congruent to 1 modulo f. Clearly |EK,f | divides 6. For an
integer k ≥ 2 and an ideal f ⊂ OK , define δ(K, k, f) to be 1 if (EK,f)k = {1} and 0 otherwise. For
a fixed K and a positive integer N , put
N1(K) =
∏
p|N
split in K
pordp(N).
For an ideal a ⊂ OK put N(a) = |OK/a|. For K, N , and a, put
p(a, N,K) := N(a)2
∏
p|a
(1−N(p)−2)N1(K)4
∏
p|N1(K)
(1− p−4).
Then we have the following
Proposition 4.5. For k ≥ 3, the following equality hold:
dimS(k,1)(Γ(N)) =
∑
K
h(K)
w(K)
∑
M
∑
a
δ(K, k − 1, aN1(K))|EK,aN1(K)|p(a, N,K)
where K runs over all imaginary quadratic field so that θ2K |N and M all divisor of N whose
all prime divisors are inert. The last summation runs over all ideal a ⊂ O dividing θ(K,M,N)
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where
θ(K,M,N) :=
∏
p⊂K
non−split
p2[ordp(NM)/2]−ordp(M).
By using this we have
Proposition 4.6. The notation being as above. Then for any ε > 0,
dimS(k,1)(Γ(N)) = O(N
6+ε) as N →∞.
Proof. The trivial bound is w(K) ≤ 6, |EK,f| ≤ 6. By definition, N1(K) ≤ NDK and then∏
p|N1(K)
(1− p−4) ≤
∏
p
(1− p−4) = ζ(4)−1
If p is inert, N(p) = p2, where p = p is a rational prime. If p is ramified, N(p) = p, where p = p2.
Since 1− p−2 ≤ 1− p−4, one has
∏
p|a
(1−N(a)−2) ≤
∏
p
(1− p−4) = ζ(4)−1.
Hence
p(a, N,K) ≤ ζ(4)−2N4D−4K N(a)2.
If p is inert and p|N , then 2[ordp(NM)/2] − ordp(M) ≤ ordp(N). If p is ramified, then p|N and
ordp(M) = 0 by definition. Hence
∑
a
δ(K, k,
a
N 1
(K))|EK,aN1(K)| p(a, N,K)≪ N4D−4K
∑
d|D2K
d2

∑
d| N
DK
d2

= N4D−4K σ2(D
2
K)σ2(
N
DK
)≪ N6+ǫD−2+ǫK .
The sum over M is majorized by d(N). Since h(K)≪ D
1
2
+ǫ
K ,
dimS(k,1)(Γ(N))≪ N6+ǫd(N)
∑
DK |N
D
− 3
2
+ǫ
K ≪ N6+ǫ.

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4.5. Automorphic counting measures. Let S′ be a finite set of rational primes. Let ξ = ξk
be an irreducible algebraic representation of G(R) with the highest weight (k1, k2) satisfying
k1 ≥ k2 ≥ 3 as in (3.3), and Dholl1,l2 be the holomorphic discrete series of G(R) with the Harish-
Chandra parameter (l1, l2) = (k1 − 1, k2 − 2) and whose central character equals χξ∨ on AG,∞.
Here χξ∨ is the central character of ξ
∨. We fix a pseudo-coefficient fξ ∈ C∞c (G(R), ξ∨) (cf. [17],
[2, p.266], or [3, p.161]), so that
tr(π∞(fξ)) = (−1)q(G(R)) = −1, π∞ = Dholl1,l2 ,
where q(G(R)) = dimG(R)/AG,∞U(2) = 3. By [27], we have,
if l2 > 1, tr(π∞(fξ)) =
−1, if π∞ = Dholl1,l2 ,
0, otherwise;
(4.6)
if l1 > 2 and l2 = 1, tr(π∞(fξ)) =

−1, if π∞ = Dholl1,l2 ,
1, if π∞ = ωl1 ,
0, otherwise;
if (l1, l2) = (2, 1), tr(π∞(fξ)) =

−1, if π∞ = Dholl1,l2 ,
1, if π∞ = ωl1 or 1,
0, otherwise.
Let π0S′ be a given unitary representation of G(QS′). Let δπ0
S′
be the Dirac delta measure
supported on π0S′ with respect to the Plancherel measure µ̂
pl
S′ on Ĝ(QS′). Then we define a
normalized Dirac delta measure supported on π0S′ by
(4.7) δπ0
S′ ,ξ
(f̂S′) :=
∑
i
ai|ν(αi)|−
k1+k2
2
S′ εS′(αi)
−1δπ0
S′
(f̂S′)
for fS′ =
∑
i ai[G(ZS′)αiG(ZS′)] ∈ C∞c (G(QS′)) with respect to the normalization of (2.21). The
factor εS′(αi) is defined by
(4.8) εS′(αi) =
2, if ν(αi) ∈ (Q
×
S′)
2,−1 ∈ ν(U), and Sp4(Z) ∩ U has non-trivial center,
1, otherwise.
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We do not need the property of the Plancherel measure except for the following Plancherel
formula by Harish-Chandra:
(4.9) µ̂plS′(f̂S′) = fS′(1).
For the above ξ and any compact open subgroup U of G(AS
′,∞), we define a counting measure
on Ĝ(QS′) by
(4.10)
µ̂U,ξk,Dholl1,l2
:=
1
vol(G(Q)AG,∞\G(A)) · dim ξk
∑
π0
S′∈Ĝ(QS′)
µS
′,∞(U)mcusp(π0S′ ;U, ξk,D
hol
l1,l2)δπ0S′ ,ξ
where for a given unitary representation π0S′ ofG(QS′), the normalized multiplicitymcusp(π
0
S′ ;U, ξk,D
hol
l1,l2
)
is given by
(4.11) mcusp(π
0
S′ ;U, ξk,D
hol
l1,l2) =
∑
π∈Π(G(A))
π
S′≃π0S′ , π∞≃D
hol
l1,l2
mcusp(π)tr(π
S′,∞(fU )) · tr(π∞(fξ)),
where Π(G(A)) stands for the set of all isomorphism classes of automorphic representations of
G(A).
Since ωl1 occurs in both cuspidal spectrum and residual spectrum, we define, for ∗ ∈ {cusp, res},
µ̂U,ξk,ωl1 ,∗ :=
1
vol(G(Q)AG,∞\G(A)) · dim ξk
∑
π0S∈Ĝ(QS)
µS,∞(U)m∗(π0S ;U, ξk, ωl1)δπ0S ,ξ
where
m∗(π0S ;U, ξk, ωl1) =
∑
π∈Π(G(A))
π
S′≃π0S′ , π∞≃ωl1
m∗(π)tr(πS
′,∞(fU )) · tr(π∞(fξ)), ∗ ∈ {cusp, res}.
Since 1 occurs only in the residual spectrum, we define
µ̂U,ξk,1 :=
1
vol(G(Q)AG,∞\G(A)) · dim ξk
∑
π0
S′∈Ĝ(QS′)
µS
′,∞(U)mres(π0S′ ;U, ξk,1)δπ0
S′ ,ξ
where
mres(π
0
S′ ;U, ξk,1) =
∑
π∈Π(G(A))
π
S′≃π0S′ , π∞≃1
mres(π)tr(π
S′,∞(fU )) · tr(π∞(fξ)).
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If U ∩Sp4(Z) has a non-trivial center, then it contains −E4. In the case when U contains −E4
and −1 ∈ ν(U), there are two ways to extend a classical form F to an adelic form φ of level U . A
way is explained in (2.19). Since d = diag(−1, 1, 1,−1) ∈ U, ν(d) = −1, we have a holomorphic
form Fd defined by
Fd(Z) := F (dZ) = F (
(
−z1 z2
z2 −z3
)
).
Then Fd can be also extended to an adelic form of level U . Both of them generate the same
automorphic representation. This explains a meaning of (4.8).
5. Arthur’s invariant trace formula and some calculations
In this section we make use of Arthur’s invariant trace formula, and as in [58], [59], we relate
the Plancherel measure with the spectral expansion of the trace formula. Then this leads to
the calculation of the geometric side. In our setting the pseudo-coefficient is chosen in a single
discrete series. This causes the contribution from unipotent elements. This contribution should
be understood in terms of endoscopic representations which appear in the spectral side. In general
we do not know how to control the unipotent contribution, but in our case we compute every
terms very explicitly. We will give several estimates for invariants which appear in the trace
formula.
Recall the notations G, B, T , and Mj (j = 0, 1, 2) given in Section 2. Set P0 = B and
M0 = T . We denote by N0 the unipotent radical of P0. The Weyl group W
G
0 (= NG(T )/T ) for
M0 in G is generated by two elements s0 and s1 which satisfies the relations s
2
0 = s
2
1 = 1 and
s0s1s0s1 = s1s0s1s0. We put s2 = s0s1s0. Then, we have
WG0 = {1, s0, s1, s2, s0s1, s0s2, s1s2, s0s1s2}.
For s0 and s2 in W
G
0 , their representatives ws0 and ws2 in G(Q) ∩K can be chosen as
ws0 =

0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0
 , ws2 =

1 0 0 0
0 0 0 1
0 0 1 0
0 −1 0 0
 .
For all elements s in WG0 , we fix their representatives ws by ws0 , ws2 , and some products like
ws1 = ws0ws2ws0 . We also find
WM00 = 1, W
M1
0 = {1, s0}, WM20 = {1, s2}.
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For s ∈ WG0 and H ⊂ G, we set sH = wsHw−1s . The set of all Levi subgroups containing M0 is
given by
L = {M0, M1, s1M1, M2, s0M2, G}.
Set
K∞ = {
(
A B
−B A
)
∈ G(R)}, Kv = G(Zv) (∀v <∞).
Then Kv is a maximal compact subgroup of G(Qv) and K =
∏
vKv is also a maximal compact
subgroup of G(A). We normalize Haar measures dkv on Kv as
∫
Kv
dkv = 1. A Haar measure dk
onK is defined by dk =
∏
v dkv. We also choose Haar measures dxv on Qv as
∫
Zv
dxv = 1 (v <∞)
and the Lebesgue measure dx∞ on R. A Haar measure dx on A is defined by dx =
∏
v dxv. For
each M in L, we fix Haar measures on AM (R)0 as in [29, Condition 5.1]. Moreover, we fix a Haar
measure on G(A). By the same manner as in [3, p.32] we normalize Haar measures on M(A)1.
5.1. Characters of holomorphic discrete series of Sp4(R). We recall character formulas for
holomorphic discrete series of Sp4(R). These are necessary to control the geometric side Igeom(f)
of Arthur’s invariant trace formula.
Let
t4(θ1, θ2) =

cos θ1 0 sin θ1 0
0 cos θ2 0 sin θ2
− sin θ1 0 cos θ1 0
0 − sin θ2 0 cos θ2
 (θ1, θ2 ∈ R).
We define a compact Cartan subgroup T4 of Sp4(R) as
T4 = {t4(θ1, θ2) | θ1, θ2 ∈ R}.
We write T reg4 the subset of regular elements of T4. For each (l1, l2) in Z⊕Z, a function Θl1,l2 on
T reg4 is defined by
(5.1) Θl1,l2(t4(θ1, θ2)) =
−eil1θ1+il2θ2 + eil2θ1+il1θ2
(eiθ1 − e−iθ1)(eiθ2 − e−iθ2)(1 − eiθ1+iθ2)(e−iθ1 − e−iθ2) .
Assume that (l1, l2) satisfies l1 > l2 > 0. Then, there exists a unique holomorphic discrete series
Dl1,l2 of Sp4(R) whose character equals Θl1,l2 (cf. [34, Theorem 12.7]). The parameter (l1, l2) is
called the Harish-Chandra parameter for discrete series representations.
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Throughout this section, we use the Harish-Chandra parameter (l1, l2) to describe holomorphic
discrete series representation instead of the minimalK∞-type (k1, k2). Since (k1, k2) = (l1+1, l2+
2), one can easily convert the results from one to the other.
For a, a1, a2, θ in R, we set
t0(a1, a2) = diag(e
a1 , ea2 , e−a1 , e−a2),
t1(a, θ) =

ea cos θ ea sin θ 0 0
−ea sin θ ea cos θ 0 0
0 0 e−a cos θ e−a sin θ
0 0 −e−a sin θ e−a cos θ
 ,
t2(a, θ) =

ea 0 0 0
0 cos θ 0 sin θ
0 0 e−a 0
0 − sin θ 0 cos θ
 .
It is known that the group Sp4(R) has the four Cartan subgroups T0, T1, T2, T4 up to conjugation,
where
T0 = {t0(a1, a2) | a1, a2 ∈ R>0} ⊂M0(R),
Tj = {tj(a, θ) | a ∈ R>0, θ ∈ R} ⊂Mj(R) (j = 1, 2).
Let T regj denote the set of regular elements of Tj. A character formula of Θl1,l2 on T
reg
j is known
(cf. [42, 26, 28]). Here we summarize it briefly. For t0(a1, a2) in T
reg
0 , we have
(5.2) Θl1,l2(t0(a1, a2)) =
{−e−l1|a1|−l2|a2| + e−l2|a1|−l1|a2|} × sgn(a1a2)
(ea1 − e−a1)(ea2 − e−a2)(1 − ea1+a2)(e−a1 − e−a2)
if |a1| > |a2| > 0. For t0(a1, a2) in T reg0 and δ1 = diag(1,−1, 1,−1), we get
(5.3) Θl1,l2(δ1t0(a1, a2)) =
{−(−1)l2e−l1|a1|−l2|a2| + (−1)l1e−l2|a1|−l1|a2|} × sgn(a1a2)
(ea1 − e−a1)(−ea2 + e−a2)(1 + ea1+a2)(e−a1 + e−a2) .
For t1(a, θ) in T
reg
1 , we have
(5.4) Θl1,l2(t1(a, θ)) =
{−e−l1(|a|+iθ)−l2(|a|−iθ) + e−l2(|a|+iθ)−l1(|a|−iθ)} × sgn(a)
(ea+iθ − e−a−iθ)(ea−iθ − e−a+iθ)(1− e2a)(e−a−iθ − e−a+iθ) .
For t2(a, θ) in T
reg
2 , we have
(5.5) Θl1,l2(t2(a, θ)) =
{e−l1|a|+il2θ − e−l2|a|+il1θ} × sgn(a)
(eiθ − e−iθ)(ea − e−a)(1− eiθ+a)(e−a − e−iθ) .
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Since Θl1,l2(−γ) = (−1)l1+l2Θl1,l2(γ) and Θl1,l2(g−1γg) = Θl1,l2(γ) (g, γ ∈ Sp4(R)), the formulas
(5.1)∼(5.5) cover all cases for regular semisimple elements in Sp4(R).
A closed subgroup Sp±4 (R) of G(R) = GSp4(R) is defined by
Sp±4 (R) =
{
g ∈ GL4(R)
∣∣∣∣∣ g
(
O2 E2
−E2 O2
)
tg = ±
(
O2 E2
−E2 O2
)}
.
Note that an isomorphism G(R) ∼= AG,∞ × Sp±4 (R) holds. We write Θholl1,l2 for the holomorphic
discrete series Dholl1,l2 of G(R) (l1 > l2 > 0). For the algebraic representation ξ of G(R) correspond-
ing to (l1, l2), we denote by χξ the central character of ξ. For δ = diag(1, 1,−1,−1) ∈ Sp±4 (R), it
is obvious that
Sp±4 (R) = Sp4(R) ⊔ Sp4(R)δ.
Hence, considering the action of δ, one finds
(5.6) Θholl1,l2(zg) = χξ(z)
−1 × {Θl1,l2(g) + Θl1,l2(g)} (z ∈ AG,∞, g ∈ Sp4(R)).
Lemma 5.1. We get Θholl1,l2(γ) = 0 for any regular semisimple element γ in AG,∞Sp4(R)δ.
Proof. Let Hl1,l2 denote a representation space of Dl1,l2 . There exists an anti-holomorphic dis-
crete series Dl1,l2 with the same infinitesimal character as Dl1,l2 . The Hilbert space Hl1,l2 is
also regarded as a representation space of Dl1,l2 , because Dl1,l2 can be defined by Dl1,l2(g)v =
Dl1,l2(δgδ)v (v ∈ Hl1,l2). Therefore, the space Hl1,l2 ⊕ Hl1,l2 becomes a representation space of
Dholl1,l2 . Namely, we have
Dholl1,l2(g)(v1, v2) = (Dl1,l2(g)v1,Dl1,l2(δgδ)v2), D
hol
l1,l2(δ)(v1, v2) = (v2, v1)
for each vector (v1, v2) in Hl1,l2 ⊕ Hl1,l2 and each element g ∈ Sp4(R). By an orthonormal
basis {vj}∞j=1 of Hl1,l2 , we can choose an orthonormal basis {(vj , 0), (0, vk) | j, k = 1, 2, . . . }
of Hl1,l2 ⊕ Hl1,l2 . Hence, for any function f in C∞c (GSp4(R)) whose support is contained in
AG,∞Sp4(R)δ, it follows that
〈Dholl1,l2(f)(vj , 0) , (vj , 0)〉 = 〈Dholl1,l2(f)(0, vk) , (0, vk)〉 = 0 (j, k = 1, 2, . . . ).
This is obvious if one sees the action of Dholl1,l2(δ). Thus, this lemma is proved. 
Let DM (γ) denote the Weyl denominator of γ in M(R) and let W (M,T ) denote the Weyl
group with respect to a torus T in M over R. For each 0 ≤ j ≤ 2, we set M = Mj and T
is a torus in M over R such that T (R) = Tj ⊔ (−Tj) when j = 1 or 2, and T (R) = M0(R) =
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T0 ⊔ (−T0) ⊔ δ1T0 ⊔ (−δ1)T0 when j = 0. In case of M = G, there exists a torus T over R such
that T (R) = T4. We say that Θholl1,l2 is stable for M if |DM (γ)|−1/2|DG(γ)|1/2Θholl1,l2(γ) on regular
elements γ of T (R) is a finite, W (M,T )-invariant linear combination of quasi-characters. This
condition is the same as the assumption for Φ(γ) in [2, Lemma 4.1 in p.271].
Lemma 5.2. The character Θholl1,l2 is stable for M0, M1, M2, and is not stable for G.
Proof. This can be proved by using (5.1)∼(5.5), (5.6) and Lemma 5.1. 
5.2. Spectral side. Let ξ be an irreducible algebraic representation of G(R) with the highest
weight (k1, k2) with k1 ≥ k2 ≥ 3, and Dholl1,l2 denote the holomorphic discrete series representation
of G(R) with the Harish-Chandra parameter (l1, l2) so that the central character is same as ξ∨
on AG,∞, where (l1, l2) = (k1− 1, k2 − 2). Choose a test function h in C∞c (G(Afin)) and we write
fξ for a pseudo-coefficient of D
hol
l1,l2
. If we set
(5.7) f = fξh
then f belongs to the Hecke algebra of K-finite functions in C∞c (G(A)1).
By (4.6), for l = (l1, l2), we set
(5.8) Π(l, ξ) =

{Dholl1,l2 } if l2 > 1,
{Dholl1,l2 , ωl1 } if l1 > 2 and l2 = 1,
{Dholl1,l2 , ω2, 1 } if (l1, l2) = (2, 1).
They correspond to (1) k1 ≥ k2 ≥ 4, (2) k1 > k2 = 3, and (3) k1 = k2 = 3, respectively in terms
of the classical weight for Siegel modular forms. Then the spectral side of Arthur’s invariant
trace formula for f is
(5.9) Ispec(f) =
∑
π=π∞⊗πfin∈Ĝ(A), π∞∈Π(l,ξ)
mdisc(π)tr(π∞(fξ)) tr(πfin(h))
where mdisc(π) denotes the multiplicity of π in the discrete spectrum of L
2
disc(G(Q)\G(A), χξ∨ )
and the unramified Hecke action inside tr(πfin(h)) is normalized as (2.20). For the proof of this
expansion, we refer to [2, Section 3]. It is fortunate that cohomological, non-holomorphic Saito-
Kurokawa representations do not appear in this case. If fξ is a pseudo-coefficient of a large
discrete series whose parameter satisfies |l1 − l2| = 1, then it appears on the spectral side.
We are now ready to relate the above measures to the spectral side Ispec(f) and also to the
geometric side in Arthur’s trace formula, as in [58, Proposition 4.2].
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Proposition 5.3. Let S′ be a finite set of finite places of Q. For any compact subgroup U of
G(AS
′,∞) and fS′ =
∑
i
aifS′,αi ∈ C∞c (G(QS′)), fS′,αi = [G(ZS′)αiG(ZS′)], αi ∈ T (QS′),
∑
i
ai
Igeom(fUfS′,αifξ)
εS′(αi)µ(G(Q)AG,∞\G(A)) dim ξ
=
∑
i
ai
Ispec(fUfS′,αifξ)
εS′(αi)µ(G(Q)AG,∞\G(A)) dim ξ
=

µ̂U,ξk,Dholl1,l2
(f̂S′)), if l2 > 1,
µ̂U,ξk,Dholl1,l2
(f̂S′)) +
∑
∗∈{cusp,res}
µ̂U,ξk,ωl1 ,∗(f̂S′), if l1 > 2 and l2 = 1,
µ̂U,ξk,Dholl1,l2
(f̂S′)) + µ̂U,ξk,1(f̂S′) +
∑
∗∈{cusp,res}
µ̂U,ξk,ωl1 ,∗(f̂S′), if (l1, l2) = (2, 1),
where fU is the characteristic function of U and the factor εS′(αi) is defined by (4.8).
Proof. The claim follows from the definition and δπ0
S′
(f̂S′) =
∫
Ĝ(QS′)
f̂S′dδπ0
S′
= tr(π0S′(f̂S′)). 
5.3. Geometric side. Fix a finite set S′ of finite places. Let S0 be a finite set of finite places
containing S′ and put S = S0 ∪ {∞}. We will consider Hecke operators for G(QS′) while we
will vary S0 and hence S in the geometric side of the Arthur’s trace formula. Put q(G(R)) =
1
2 dimG(R)/K∞AG,∞ = 3. Assume that S is sufficiently large. Then, the geometric side of
Arthur’s invariant trace formula is, for f = fξh as in (5.7),
(5.10) Igeom(f) =
∑
M∈L
(−1)q(G(R))+dim(AM/AG) |W
M
0 |
|WG0 |
∑
γ∈(M(Q))M,S
aM (S, γ) IGM (γ, fξ)J
M
M (γ, hP ),
where (M(Q))M,S denotes the set of (M,S)-equivalence classes in M(Q) (cf. [3, p.113]) which
turns out to be a finite set, for each M in L we choose a parabolic subgroup P such that M is a
Levi subgroup of P , and we set
(5.11) hP (m) = δP (m)
1/2
∫
KS0
∫
NP (QS0 )
h(k−1mnk) dn dk (m ∈M(QS0))
(KS0 =
∏
v∈S0 Kv and δP is the modular function of P (A)). Regarding J
M
M (γ, hP ) it follows
from (5.11) that hP (m) = 0 unless k
−1m−1γmnk ∈ Supp(h) where m ∈ M(QS0), k ∈ KS0 , and
n ∈ NP (QS0). This implies
(5.12) ν(γ) ∈ ν(Supp(h)).
For the definitions of the invariant weighted orbital integral IGM (γ, fξ) and the orbital integral
JMM (γ, hP ), we refer to [3, Sections 18 and 23]. The factor a
M (S, γ) is called the global coefficient
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(see [3, Sections 19]). We will later give their details for some cases which are necessary to explain
our estimations.
Let ZG denote the center of G. For each element γ in G(A), we write {γ}G for the G(Q)-
conjugacy class of γ. For convenience, we set
umin(x) =

1 0 x 0
0 1 0 0
0 0 1 0
0 0 0 1
 , δ1(x, y) =

1 x 0 y
0 −1 −y 0
0 0 1 0
0 0 x −1
 ,
umin = umin(1), δ1 = δ1(0, 0).
It is clear that all minimal unipotent elements belong to {umin}G. Let γ be an element of G(Q).
If γ is a semisimple element whose diagonalization is δ1, then γ is G(Q)-conjugate to δ1. This
fact can be proved by using the Galois cohomology.
To study concretely the geometric side, we separate the sum into the following seven types:
Igeom(f) = I1(f) + I2(f) + I3(f) + I4(f) + I5(f) + I6(f) + I7(f)
where
• I1(f): M = G and γ ∈ ZG(Q),
• I2(f): M = G and γ ∈ ZG(Q){umin}G,
• I3(f): M = G and γ ∈ ZG(Q){δ1}G,
• I4(f): M = G and γ is semisimple and γ 6∈ ZG(Q) ⊔ ZG(Q){δ1}G,
• I5(f): M = G and γ is not semisimple and γ 6∈ ZG(Q){umin}G,
• I6(f): M 6= G and γ is semisimple,
• I7(f): M 6= G and γ is non-semisimple.
The main term will be I1(f) and the second main term will be I2(f) in general, but also I3(f) in
weight aspect. The terms I4(f), I5(f), I6(f) and I7(f) never contribute to both the main term
and the second main term in any aspect. We will estimate each terms after the detailed studies
of invariants aM (S, γ), IGM (γ, fξ), and J
M
M (γ, hP ). Since we clearly know
I1(f) = (−1)q(G(R))
∑
z∈ZG(Q)
vol(G(Q)\G(A)1) f(z),
we do not discuss it throughout this section.
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If M = G, then IGG (γ) = J
G
G (γ) and hQ = h. For simplicity, we set
JG(γ, fξ) = I
G
G (γ, fξ), JG(γ, h) = J
G
G (γ, h).
5.4. Some measures concerning I2(f) and I3(f). We choose some measures on centralizers
to calculate explicitly the orbital integrals JG(zumin, fξ) and JG(zδ1, fξ). The centralizer Gumin
of umin in G is given by
Gumin = {z

1 ∗ ∗ ∗
0 1 ∗ 0
0 0 1 0
0 0 ∗ 1


1 0 0 0
0 ∗ 0 ∗
0 0 1 0
0 ∗ 0 ∗
 ∈ G}.
The centralizer Gδ1 of δ1 satisfies
Gδ1 = {

∗ 0 ∗ 0
0 ∗ 0 ∗
∗ 0 ∗ 0
0 ∗ 0 ∗
 ∈ G} ∼= {(g1, g2) ∈ GL2 ×GL2 | det(g1) = det(g2)}.
If we want to determine JG(zumin, fξ) and JG(zδ1, fξ) precisely, we should choose measures on the
centralizers. A Haar measure on R>0 is chosen by x
−1dx and a Haar measure on SL2(R) is fixed by
(2π)−1v−3dudv dθ for
(
1 u
0 1
)(
v 0
0 v−1
)(
cos θ sin θ
− sin θ cos θ
)
. On the groups {±E4} and {E4, δ},
we take the counting measure. By the isomorphism Gumin(R)
∼= {±E4} × R>0 × (R3 ⋉ SL2(R))
(resp. Gδ1(R)
∼= {E4, δ} ⋊ (R>0 × SL2(R) × SL2(R))), we obtain a Haar measure on Gumin(R)
(resp. Gδ1(R)).
To simplify the description for the global coefficient aG(S, umin), we choose measures on the
orbits as below. We define JG(zumin, fξ) and JG(zumin, h) as
(5.13) JG(zumin, fξ) =
∫
R
∫
K∞
fξ(zk
−1umin(x)k) |x|∞ dk dx,
(5.14) JG(zumin, h) =
∏
p∈S0
(1− p−1)−1 ×
∫
QS0
∫
KS0
h(zk−1umin(x)k) |x|S0 dk dx.
If we choose a suitable Haar measure on G(R), then the integral JG(zumin) coincides with the
orbital integral of zumin normalized by the above mentioned measure on Gumin(R).
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We may define JG(zδ1, h) as
(5.15) JG(zδ1, h) =
∫
QS0
∫
QS0
∫
KS0
h(zk−1δ1(x, y)k) dk dxdy.
This definition is useful to compute spherical Hecke algebras.
We will determine the total contributions I2(f) and I3(f) up to constant multiples (cf. Lemmas
5.11, 5.12, 5.13 and 5.14). We do not explicitly calculate the constants, because it is unnecessary
for our main purpose. However, if one wants to know their numerical values, one can explicitly
calculate them by using Lemmas 5.6, 5.7, (5.17), and choosing some normalizations of measures.
5.5. Estimations and vanishings for IGM (γ, fξ). By [4] and [5] one knows
IGM (γ, fξ) = (−1)dim a
G
M |DG(γ)|1/2Θholl1,l2(γ)
for any G-regular semisimple element γ which is R-elliptic in M . If γ is not R-elliptic, then
IGM (γ, fξ) vanishes. Hence, our remaining work is to study its behaviors at singular elements.
Lemma 5.4. Let M be a proper Levi subgroup in L. Then, for any M(R)-conjugacy class γ in
M(Q), there exists a positive constant c(γ) such that the absolute value of IGM (γ, fξ) is bounded
by c(γ)× χξ(γ)−1 × {l1 + l2}. Furthermore, we have IGM (γ, fξ) = 0 if the semisimple part of γ is
not R-elliptic in M . In addition, the term I7(f) vanishes.
Proof. By Lemma 5.2 we can apply the same argument as in [2, Proof of Theorem 5.1] to IGM (γ, fξ)
related to M0, M1, s1M1, M2 and s0M2, because the character satisfies the same assumption as
in [2, Lemma 4.1]. Hence, one can explicitly compute IGM (γ, fξ). In particular, I
G
M (γ, fξ) vanishes
for all non-semisimple conjugacy classes γ. Hence, we get I7(f) = 0. 
A required estimation for I6(f) can be proved by this lemma (cf. Section 6). Hence, it is
enough to consider the terms related to M = G, i.e., I2(f), I3(f), I4(f), and I5(f).
For each non-semisimple conjugacy class γ in G(R), the distribution JG(γ) on C
∞
c (G(R))
is expressed by a linear combination of limits of regular semisimple orbital integrals (cf. [2,
Appendix]), but its coefficients are still unknown in general. Hence, we should consider them
case by case.
Lemma 5.5. Let γ be an element in G(Q). We assume that the semisimple part of γ is not in
Z(Q) and γ does not belong to ZG(Q){δ1}G. Then, there exists a positive constant c(γ) such that
the absolute value of JG(γ, fξ) is bounded by c(γ) × χξ(γ)−1 × {l1 + l2}. In particular, we have
JG(γ, fξ) = 0 if the semisimple part of γ is not R-elliptic in G.
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Proof. As for semisimple singular elements, it was done by Langlands using Harish-Chandra’s
limit formula (cf. [36]). In case of SL2(R), one can study the limit formula for the unipotent
elements in the book [34, Section 3, Chapter XI]. Hence, one can easily calculate them (all such
explicit calculations were done in [64]). 
Lemma 5.6. If γ = zδ1 (z ∈ ZG(Q)), then there exists a positive constant c(γ) such that
JG(γ, fξ) = c(γ)× χξ(z)−1 × (−1)l2 l1l2{1 + (−1)l1−l2−1}.
If we choose the Haar measure given in Section 5.4 on the centralizer, we have c(γ) = 2−4π−2.
Proof. This follows from the limit formula for SL2(R) (cf. [34]). 
Now, the remaining conjugacy classes are only unipotent orbits. The group G has the four
unipotent classes; (1) regular, (2) subregular, (3) minimal, (4) unit.
Lemma 5.7. If γ = zumin (z ∈ ZG(Q)), then there exists a positive constant c(γ) such that
JG(γ, fξ) = c(γ)× χξ(z)−1 × (l1 − l2)(l1 + l2).
If we choose the Haar measure given in Section 5.4 on the centralizer, we have c(γ) = −2−3π−3.
Proof. This lemma can be proved by the limit formula of [50]. As for a suitable chamber and the
constant c(γ), we refer to [64, Lemma 4.9 and Lemma 4.11] 
Lemma 5.8. There is only one regular unipotent G(R)-conjugacy class ureg in G(Q). For γ =
zureg (z ∈ ZG(Q)), we find JG(γ, fξ) = 0.
Proof. This obviously follows from the limit formulas of [10] and [50]. 
Lemma 5.9. There are two subregular unipotent G(R)-conjugacy classes usub,1 and usub,2 in
G(Q). For any z in ZG(Q), we have JG(zusub,1, fξ) = JG(zusub,2, fξ) = 0.
Proof. For a real symmetric matrix S of degree 2, we set usub(S) =
(
E2 S
O2 E2
)
. Let S++ =
diag(1, 1), S+− = diag(1,−1), and S−− = diag(−1,−1). Then, u(S++), u(S+−), u(S−−) are
representatives for subregular unipotent orbits of Sp4(R). But, the sum of the orbits of u(S++)
and u(S−−) forms a G(R)-conjugacy class. Then, we denote it by usub,1, and let usub,2 denote
the G(R)-conjugacy class of u(S+−).
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Using the limit formulas [10, 50] and some associated constants [64, Lemma 4.11], one gets
JSp4(zu(S++), fξ) = −JSp4(zu(S−−), fξ).
Hence, it follows that JG(zusub,1, fξ) = JSp4(zu(S++), fξ) + JSp4(zu(S−−), fξ) = 0. Since fξ is
cuspidal, we deduce
∫
K∞
∫
N1(R)
fξ(zk
−1nk)dn dk = 0 from the Plancherel formula forM1(R). By
normalizing Haar measures on the centralizers, one can see that
JG(zusub,1, fξ) + JG(zusub,2, fξ) =
∫
K∞
∫
N1(R)
fξ(zk
−1nk)dn dk = 0.
Hence, we get JG(zusub,2, fξ) = 0. 
5.6. Global coefficients aG(S, γ). For details of global coefficients aG(S, γ), we refer to [3, Sec-
tion 19] and [29]. It is known that aG(S, 1) = vol(G(Q)\G(A)1) holds. For non-trivial unipotent
orbits for G, they are explicitly calculated in [29]. By Lemmas 5.8 and 5.9, we need only an
information for aG(S, umin). Let γ be a (G,S)-conjugacy class in G(Q). We shall consider the
case γ is not unipotent. We may reduce to the centralizers of the semisimple part γs of γ. For
each element γ1 in G(Q), we denote by Gγ1,+ the centralizer of γ1 in G over Q and by Gγ1 the
connected component of 1 in Gγ1,+. (Note that Gumin = Gumin,+ and Gδ1 = Gδ1,+.) We set
ι(γs) = Gγs,+(Q)/Gγs(Q). If S is sufficiently large, then we have
aG(S, γ) = εG(γs) |ιG(γs)|−1
∑
{u:γsu∼γ}
aGγs (S, u)
where u runs over Gγs(QS)-unipotent orbits in Gγs(Q) such that γsu are (G,S)-equivalent to γ
and we set
εG(γs) =
1 if γs is Q-elliptic in G,0 otherwise.
Especially, if γ is semisimple, then we have
(5.16) aG(S, γ) = εG(γ) |ιG(γ)|−1 vol(Gγ(Q)\Gγ(A)1).
Hence, from this and Lemma 5.5, one finds that a needed estimation for I4(f) is obviously reduced
to some known results (cf. Proof of Proposition 6.3). Note that we carefully see the growth of
aG(S, γ) with respect to S if γ is not semisimple. We also note that
aG(S, zγ) = aG(S, γ)
holds for any z in ZG(Q).
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The following notations are necessary to describe aG(S, γ) explicitly. Let E be an algebraic
number field and let χ =
∏
w χw be a character on E
×\A1E ∼= E×R>0\A×E . We set
SE =
⊔
v∈S
{w | w is a place of E such that w divides v},
LSE(s, χ) =
∏
w 6∈SE
LE,w(s, χw),
LE,w(s, χw) =
(1− χw(πw) q−sw )−1 if χw is unramified,1 if χw is ramified,
where πw is a prime element of E and qw denotes the cardinality of the residue field of Ew. For
the trivial representation 1E on E
×\A1E , we set
ζSE(s) = L
S(s,1E).
We write cE for the residue of ζ
Σ∞
E (s) where Σ∞ = {w|∞}. We denote cE(S) by the constant
term of the Laurent expansion of ζSE(s) at s = 1, that is,
ζSE(s) =
c−1E,ScE
s− 1 + cE(S) + ∗(s− 1) + · · ·
where we set cE,S =
∏
w∈SE−Σ∞(1− q−1w )−1. If E = Q, then we set
LS(s, χ) = LSQ(s, χ), ζ
S(s) = ζSQ(s), c(S) = cQ(S)
for simplicity. We will later use the following estimates.
Lemma 5.10. Let m ∈ N be fixed. For any positive real number ε, there exists a positive constant
c(ε,m,E) such that ∑
χ
|LSE(1, χ) |m < c(ε,m,E) ×
∏
p∈S0
pε
where χ =
∏
w χw runs over all non-trivial quadratic characters on E
×\A1E such that χw is
unramified for any w 6∈ SE.
Proof. Let N(χ) be the norm of the conductor of χ. Then by Lemma 1.4 of [67],
N(χ) ≤ 23nE
∏
pw ∤2
w∈SE−Σ∞
N(pw),
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where nE = [E : Q]. Now N(pw) ≤ pnE . Hence N(χ) ≤ 22nE
∏
p∈S0 p
nE . By [40], LE(1, χ)≪E,ǫ′
exp
(
C logN(χ)log logN(χ)
)
≪ N(χ)ǫ′ for some constant ǫ′. Here
LSE(1, χ) = LE(1, χ)
∏
w∈SE−Σ∞
LE,w(1, χw)
−1.
Hence ∣∣∣∣∣∣
∏
w∈SE−Σ∞
LE,w(1, χw)
−1
∣∣∣∣∣∣ ≤
∣∣∣∣∣∣
∏
w∈SE−Σ∞
(
1 + p−1w
)∣∣∣∣∣∣≪E
∏
p∈S0
(1 + p−1)nE .
Now for M =
∏
p∈S0 p,
log
∏
p∈S0
(1 + p−1) =
∑
p∈S0
log(1 + p−1)≪
∑
p∈S0
1
p
≪
∑
p≤M
1
p
≪ log logM.
Since N(χ)≪E MnE ,
|LSE(1, χ)| ≪E exp
(
C
logM
log logM
)
logM ≪E,ǫ′ M ǫ′ logM.
Hence for each m ∈ N,∑
χ
|LSE(1, χ)|m ≪M ǫ
′m(logM)m
∑
d|M
1 =M ǫ
′mφ(M)(logM)m ≪E,m,ǫ M ǫ.

For the G(QS)-orbit of umin and the chosen measures (5.13) and (5.14), we have
(5.17) aG(S, umin) = 2
−1 vol(M2(Q)\M2(A)1) ζS(2)
by [29, Theorem 6.1]. Next, we explain aGγs (S, u) for non-semisimple and non-unipotent elements
γ = γsu, which we call a mixed element. For all mixed elements of G, their global coefficients were
studied in [29, Section 3]. We mention only cases required for our estimation. Furthermore, we will
choose the same measures as in [29, Section 3.4] on the unipotent orbits over QS . However, we do
not explain details for normalizations of measures, because they are unnecessary for estimations.
Namely, the following equalities for the global coefficients hold under suitable normalizations of
measures. By a classification of mixed elements in [29, Section 5.3] it is enough to consider the
following groups (as the centralizers of semisimple elements),
G1 = {(g1, g2) ∈ GL2 ×GL2 | det(g1) = det(g2)}(∼= Gδ1),
G2 = {g ∈ RE/Q(GL2) | det(g) ∈ GL1},
G3 = {(x, g) ∈ RE/Q(GL1)×GL2 | NE/Q(x) = det(g)}
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where E is a quadratic extension of Q and RE/Q means the restriction of scalars. A unipotent
element in G1(Q) can be written as
u1(x, y) = (
(
1 x
0 1
)
,
(
1 y
0 1
)
).
For the group G1, representative elements of nontrivial unipotent orbits over QS are as follows:
u1(1, 0), u1(0, 1), u1(α, 1) (α ∈ Q×/((Q×S )2 ∩Q×)).
For α in Q×/((Q×S )
2 ∩Q×), there exist constants cmin(u1) and creg(u1) (which do not depend on
S) such that
aG1(S, u1(1, 0)) = a
G1(S, u1(0, 1)) = cmin(u1)× c(S),
aG1(S, u1(α, 1)) = creg(u1)×
{
c(S)2 +
∑
χ
χS(α)L
S(1, χ)2
}
,(5.18)
where χ =
∏
v χv runs over all nontrivial quadratic characters such that χv is unramified for any
v 6∈ S, and we set χS =
∏
v∈S χv (see [29, Example 3.9]). Representative elements of non-trivial
unipotent G2(QS)-orbits in G2(Q) are
u2(α) =
(
1 α
0 1
)
(α ∈ E×/(((E×SE )2Q×S ) ∩ E×)).
Then, there exists a constant c(u2) (which does not depend on S) such that
(5.19) aG2(S, u2(α)) = c(u2)×
{
cE(S) +
∑
χ
χSE(α)L
S
E(1, χ)
}
where χ =
∏
w χw runs over all nontrivial quadratic characters such that χ|A1Q = 1 and χw
is unramified for any w 6∈ SE (see [29, Example 3.8]). Representative elements of non-trivial
unipotent G3(QS)-orbits in G3(Q) are
u3(α) = (1,
(
1 α
0 1
)
) (α ∈ Q×/(NE/Q(E×SE ) ∩Q×)).
where NE/Q is the norm of E/Q. Then, there exists a constant c(u3) (which does not depend on
S) such that
(5.20) aG3(S, u3(α)) = c(u3)×
{
c(S) + χS(α)L
S(1, χ)
}
where χ is the nontrivial quadratic character on Q×\A1Q corresponding to E via the class field
theory (see [29, Section 3]).
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5.7. Explicit calculations for I2(f). Recall JG(zumin, fξ) and JG(zumin, h) defined as (5.13)
and (5.14).
Lemma 5.11. Let c(zumin) denote the constant given in Lemma 5.7. Then, we have
I2(f) =
∑
z∈Z(Q)
2−1 vol(M2(Q)\M2(A)1) ζS(2)×c(zumin)×χξ(z)−1×(l1−l2)(l1+l2)×JG(zumin, h).
In particular, ζS(2) is bounded by a positive constant for any S.
Proof. This lemma follows from Lemma 5.7 and (5.17). 
Lemma 5.12. Assume that ha1,a2,a3 is the characteristic function of the open compact set
Kpdiag(p
−a1 , p−a2 , pa1−a3 , pa2−a3)Kp on G(Qp) (a3 ≥ a1 ≥ a2 ≥ 0). If a3 is odd, then we
have JG(zumin, ha1,a2,a3) = 0. If a3 is even, then we may set a3 = 2m and assume m ≥ a1 ≥ a2
by the action of WG0 , and we get
JG(zumin, ha1,a2,a3) =

(1− p−2)−1 if a3 = 2m, a1 = a2 = m, and |z|p = pm,
pa3−2a2 if a3 = 2m, m = a1 > a2, and |z|p = pm,
0 otherwise.
If hp is the characteristic function of {x ∈ Kp | x ≡ E4 mod plZp} on G(Qp), then
JG(zumin, hp) =
p
−2l(1− p−2)−1 if z ≡ 1 mod plZp,
0 otherwise.
Proof. The first assertion is stated in [7, Theorem 2.4.1]. The second assertion is trivial. He
assumed that the residual characteristic is not 2 in the paper. However, since [7, Lemma 2.1.1]
can be applied for Q2, one can easily compute the above integral. 
5.8. Explicit calculations for I3(f).
Lemma 5.13. Let c(zδ1) denote the constant given in Lemma 5.6. Then, we have
I3(f) =
∑
z∈Z(Q)
vol(Gδ1(Q)\Gδ1(A)1)× c(zδ1)× χξ(z)−1 × (l1 − l2)(l1 + l2)× JG(zδ1, h).
Proof. This lemma follows from Lemma 5.6 and (5.16). 
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Lemma 5.14. Assume that JG(zδ1, h) is defined as (5.15) and ha1,a2,a3 is the characteristic
function of Kpdiag(p
−a1 , p−a2 , pa1−a3 , pa2−a3)Kp on G(Qp) (a3 ≥ a1 ≥ a2 ≥ 0). If a3 is odd, then
we have JG(zδ1, ha1,a2,a3) = 0. If a3 is even, then we may set a3 = 2m and assume m ≥ a1 ≥ a2
by the action of WG0 , and we get
JG(zδ1, ha1,a2,a3) =

1 if a3 = 2m, a1 = a2 = m, and |z|p = pm,
pa3−a1−a2(1− p−2) if a3 = 2m, m > a1 = a2, and |z|p = pm,
0 otherwise.
Proof. This lemma can be proved by [7, Lemma 2.1.1]. 
5.9. Estimations for I5(f). From now on, we assume that γ ∈ G(Q) is not semisimple and
γ 6∈ ZG(Q){umin}G. By Lemmas 5.5, we may also assume that the γs is R-elliptic in G.
Lemma 5.15. If the centralizer of γ is not isomorphic to G1, G2, and G3, then we get JG(γ, fξ) =
0.
Proof. For unipotent elements γ, it was proved in Lemmas 5.8 and 5.9. All mixed elements in
G(Q) are classified in [29, Section 5.3]. Using the classification and the limit formula for SL2(R)
(cf. [34]) one can show JG(γ, fξ) = 0. 
Lemma 5.16. Let z ∈ ZG(Q). Then, we get
JG(zδ1u1(1, 0), fξ) = JG(zδ1u1(0, 1), fξ) = 0.
There exists a constant c(zδ1u1) such that
JG(zδ1u1(1, 1), fξ) = −JG(zδ1u1(1,−1), fξ) = c(zδ1u1)× χξ(z)−1 × {(−1)l2 − (−1)l1}.
Proof. This can be proved by the limit formula for SL2(R) (cf. [34]). 
Lemma 5.17. Let z ∈ ZG(Q). The contribution of zδ1u1(1, 0) and zδ1u1(0, 1) to I5(f) is zero.
For any positive real number ε, there exists a constant c(zδ1u1, ε) > 0 such that the contribution
of (G,S)-equivalence classes of elements zδ1u1(1, α) (α ∈ Q×/(Q×S )2 ∩Q×) is bounded by
c(zδ1u1, ε) × χξ(z)−1 × JM0M0 (zδ1, |hP0 |)×
∏
p∈S0
pε ×
∏
p∈S0
(1− p−1)−2.
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Proof. The first assertion obviously follows from Lemma 5.16. By (5.18) and Lemma 5.16, the
contribution equals∑
α∈Q×/(Q×S )2∩Q×
aG(S, zδ1(1, α))JG(zδ1u1(1, α), fξ)JG(zδ1u1(1, α), h)
= 2c(zδ1u1){(−1)l2 − (−1)l1}
∑
χ
LS(1, χ)2
∑
α∈Q×/(Q×S0 )
2∩Q×
χS0(α)JG(zδ1u1(1, α), h)
where χ =
∏
v χv runs over all quadratic characters such that χ∞ = sgn and χv is unramified for
any v 6∈ S. By calculating Gzδ1u1(1,α), we find that Gzδ1u1(1,α) is contained in ZGN0 and we may
set
x =

1 0 0 0
0 a−1 0 0
0 0 b 0
0 0 0 ab


1 0 0 y
0 1 y 0
0 0 1 0
0 0 0 1


1 r 0 0
0 1 0 0
0 0 1 0
0 0 −r 1

for each element x in Gzδ1u1(1,α)(QS0)\P0(QS0). Then, we get
x−1zδ1u1(1, α)x = zδ1

1 2r
0 1
(
1 r
0 1
)(
b 2y
2y αa2b
)(
1 0
−r 1
)
0 0
0 0
1 0
−2r 1
 .
From this, we deduce∣∣∣ ∑
α∈Q×/(Q×S0 )
2∩Q×
χS0(α)JG(zδ1u1(1, α), h)
∣∣∣ ≤ ∑
α∈Q×/(Q×S0 )
2∩Q×
JG(zδ1u1(1, α), |h|)
= 4×
∏
p∈S0
(1− p−1)−2 ×
∫
KS0
∫
N0(QS0 )
∣∣ h(k−1zδ1n k) ∣∣ dn dk
= 4×
∏
p∈S0
(1− p−1)−2 × JM0M0 (zδ1, |hP0 |).
Hence, the inequality follows from this estimation and Lemma 5.10. 
Lemma 5.18. Let δ2 be a semisimple element in G(Q) such that Gδ2
∼= G2 for a quadratic
extension E/Q. Each unipotent element u2(α) in G2(Q) is identified with an element in Gδ2(Q) ⊂
G(Q). The G(Q)-conjugacy class of δ2u2(α) has an intersection with P1(Q) and we may assume
that δ2 belongs to M1(Q) as a representative element of the conjugacy class. For any positive real
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number ε, there exists a constant c(δ2u2, ε) > 0 such that the contribution of (G,S)-equivalence
classes of elements δ2u2(α) (α ∈ E×/((E×SE )2Q
×
S ) ∩ E×) is bounded by
c(δ2u2, ε)× χξ(δ2)−1 × JM1M1 (δ2, |hP1 |)×
∏
p∈S0
pε ×
∏
p∈S0
(1− p−1)−2.
Proof. By [29, Section 5.3], we may choose the semisimple element δ2 as
δ2 = z
(
hβ O2
O2
thβ
)
, hβ =
(
0 1
β 0
)
for an element β in Q×− (Q×)2 and an element z in ZG(Q). In particular, we have E = Q(
√
β).
If β is negative, then ν(δ2) is also negative. Hence, by Lemma 5.1, the contribution vanishes if β
is negative. We may assume that β is positive, i.e., E is a real quadratic field. Then, there exists
an element z′ in ZG(R) such that δ2 is G(R)-conjugate to z′δ1. Thus, it follows from (5.19) and
Lemma 5.16 that the contribution equals
∑
α∈E×/((E×SE )
2Q×S )∩E×)
aG(S, δ2u2(α))JG(δ2u2(α), fξ)JG(δ2u2(α), h)
= 2c(zδ1u1){(−1)l2 − (−1)l1}
∑
χ
LSE(1, χ)
∑
α∈E×/((E×
(S0)E
)2Q×S0)∩E
×)
χ(S0)E (α)JG(δ2u2(α), h)
where χ =
∏
w χw runs over all nontrivial quadratic characters such that χ|A1Q = 1, χw = sgn for
any w|∞, and χw is unramified for any w 6∈ SE . Therefore, we finish the proof by using Lemma
5.10 and an argument similar to the proof of Lemma 5.17. 
Lemma 5.19. Let δ3 be a semisimple element in G(Q) such that Gδ3
∼= G3 for a quadratic
extension E/Q. Each unipotent element u3(α) in G3(Q) is identified with an element in Gδ3(Q) ⊂
G(Q). The G(Q)-conjugacy class of δ3u3(α) has an intersection with P2(Q) and we may assume
that δ3 belongs toM2(Q) as a representative element of the conjugacy class. There exists a positive
constant c(δ3u3) such that the contribution of (G,S)-equivalence classes of elements δ3u3(α) (α ∈
Q×/(NE/Q(E
×
SE
) ∩Q×) is bounded by
c(δ3u3)× χξ(δ3)−1 × JM2M2 (δ3, |hP2 |)×
∏
p∈S0
(1− p−1)−1.
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Proof. By [29, Section 5.3], the semisimple element δ3 can be written as
δ3 = z

1 0 0 0
0 x 0 y
0 0 1 0
0 βy 0 x

for an element z in ZG(Q), an element β in Q× − (Q×)2, and elements x, y in Q such that
x2 − βy2 = 1. Note that E = Q(√β). If β is positive, then δ3 is not R-elliptic in G. Hence, we
have JG(δ3u3(α)) = 0 by Lemma 5.5. So, we assume that β is negative, i.e., E is an imaginary
quadratic field. Since u3(α) is G(R)-conjugate to u3(1) or u3(−1), using the limit formula for
SL2(R), we have
JG(δ3u3(1), fξ) = −JG(δ3u3(−1), fξ) = c′3 × (−eil2θ + eil1θ)
for a positive constant c′3. Hence, by (5.20), the contribution is equal to∑
α∈Q×/(NE/Q(E×SE )∩Q
×)
aG(S, δ3u3(α))JG(δ3u3(α), fξ)JG(δ3u3(α), h)
= 2c′3 × (−eil2θ + eil1θ)LS(1, χ)
∑
α∈Q×/(NE/Q(E×(S0)E )∩Q
×)
χS0(α)JG(δ3u3(α), h)
where χ denotes the nontrivial quadratic character on Q×\A1 corresponding to E. We can derive
this lemma from this equality and an argument similar to the proof of Lemma 5.17, 
6. An estimation of the geometric side
Let us recall our setting. Let S′ be a (non-empty) finite set of finite primes and S0 be a finite
set of finite primes containing S′. We choose S0 sufficiently large so that Arthur’s geometric
expansion works. Put S = S0 ∪ {∞}. For a positive integer N whose prime divisors do not
belong to S′, put fK(N) = charK(N). When we study the level aspect, we always choose the
level N for the fixed S′ as above. We denote by k = (k1, k2) the highest weight of ξ = ξk for
k1 ≥ k2 ≥ 3 as in Section 3. Let us put
fS′,α := [G(ZS′)αG(ZS′)] ∈ C∞c (G(QS′))
for α ∈ T (Q). Note that usually we would choose α from T (QS′), but due to the comparison
with spectral side, intentionally we choose Q-rational elements and clearly this never changes
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anything. If ν(α) ∈ (Q×)2, then such an α can be uniquely written as
α = (zα · E4)kα, zα ·E4 ∈ Z+G (Q), kα ∈ (T ∩ Sp4)(Q).
Put
(6.1) z′α =
{
zα · E4 if ν(α) ∈ (Q×)2
E4 otherwise
.
To prove Theorem 1.1 we have only to check it for
f = fξh, h = fz′αK(N)fS′,α
( ⊗
p∈S\(S′∪{v|N∞})
charKp
)
∈ C∞c (G(QS0))
where fz′αK(N) stands for the characteristic function of z
′
αK(N).
Since I7(f) = 0 (see Lemma 5.4), it is unnecessary to consider it. Fix a test function f as
above. Let γ be a (M,S)-equivalence class whose contribution to Igeom(f) is not zero. By (5.12)
we see that
ν(α) = ν(γ).
Furthermore its semisimple part γs is R-elliptic in M (cf. Lemmas 5.4 and 5.5). If we set
γs = zγγ1 where zγ ∈ R× ≃ AM (R) and γ1 ∈M(R) with ν(γs) ∈ {±1}. Therefore we have
χξ(zγ) = z
k1+k2
γ = sgn(zγ)|ν(zγ)|
k1+k2
2
R = sgn(zγ)|zγ |k1+k2R = sgn(zγ)|ν(α)|
− k1+k2
2
S′ .
This observation will be implicitly used in the proof of Proposition 6.1 below.
Each orbital integral JMM (γ, hP ) is bounded by that of PGSp4(QS) using the projection G→
PGSp4. Therefore, we can use the same arguments as in [58] and [59] to estimate it for any
semisimple element γ.
Proposition 6.1. Fix a finite set S′ and a function fS′,α = [G(ZS′)αG(ZS′)] ∈ C∞c (G(QS′)).
Then, we have
I2(f)× vol(K(N))−1 × |ν(α)|−
k1+k2
2
S′ = O((k1 − k2 + 1)(k1 + k2 − 3)ϕ(N)N8),
I3(f)× vol(K(N))−1 × |ν(α)|−
k1+k2
2
S′ = O((k1 − 1)(k2 − 2)),
{I4(f) + I5(f)} × vol(K(N))−1 × |ν(α)|−
k1+k2
2
S′ = O(k1 + k2 − 3),
I6(f)× vol(K(N))−1 × |ν(α)|−
k1+k2
2
S′ = O((k1 + k2 − 3)ϕ(N)N7)
for any weight (k1, k2) (k1 ≥ k2 ≥ 3) and any level N > 0 prime to
∏
p∈S′ p. Note that
vol(K(N))−1 = [Γ(1) : Γ(N)] = N10
∏
p|N (1− p−2)(1− p−4).
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Proof. If zumin contributes to Igeom(f), then we have z = zα. Hence, only zαumin contributes to
I2(f) and the estimation for I2(f) obviously follows from Lemmas 5.11 and 5.12.
By Lemmas 5.5, 5.8, 5.9 and [16, Lemma 5] (also see [58, Lemma 4.3 and line 12 in p.100]),
there exists a sufficiently large natural number N˜0 such that, if N > N˜0, then we have I3(f) =
I4(f) = I5(f) = 0 and only the central elements contribute to I6(f). When N moves between 1
and N˜0, there are finitely manyM(Q)-conjugacy classes (M ∈ L) which contribute to I3(f), I4(f)
and I6(f), and finitely many (G,S)-equivalence classes which contribute to I5(f) (cf. [58, Proof
of Theorem 4.11]). Thus, we get the estimation for I3(f) by Lemma 5.13 and the estimation for
I4(f) + I5(f) by Lemmas 5.5, 5.8, 5.9. By these facts and Lemma 5.4, the remaining work is to
find the growth of I6(f) with respect to N . For each proper Levi subgroup M in L and each
element z ∈ ZG(Q), we have
(6.2) |JGM (z, hP )| = (constant) ×
∫
∏
v|N NP (Qv)
fz′αK(N)(n)dn ≤ (constant) ×N−3.
since K(N) is a normal subgroup in
∏
v|N Kv. Hence, this proposition is proved. 
We set
pS′ =
∏
p∈S′
p, Hur(G(QS′))
κ =
⊕
p∈S′
Hur(G(Qp))
κ.
Proposition 6.2. (Level aspect) There exist positive constants a, b, and N0 such that
I2(f)× vol(K(N))−1 × |ν(α)|−
k1+k2
2
S′ = O(p
κ
S′(k1 − k2 + 1)(k1 + k2 − 3)ϕ(N)N8)
I6(f)× vol(K(N))−1 × |ν(α)|−
k1+k2
2
S′ = O(p
aκ+b
S′ (k1 + k2 − 3)ϕ(N)N7)
I3(f) = I4(f) = I5(f) = I7(f) = 0.
for any (k1, k2), N > 0, κ ≥ 1, S′, and fS′,α, which satisfy the conditions k1 ≥ k2 ≥ 3,
fS′,α ∈ Hur(G(QS′))κ, N is prime to
∏
p∈S′ p, and N ≥ N0
∏
p∈S′ p
10κ.
Proof. According to [59], a faithful algebraic representation Ξ : PGSp4 → GLm is required for
us (see [59, Section 8]). Here, we consider the adjoint action Ad : PGSp4 → GL(Lie(Sp4)) as
it, i.e., Ξ : PGSp4 → GL10. By [59, Lemma 8.4], there exists a natural number N0 such that, if
N ≥ N0
∏
p∈S′ p
10κ, then we have I3(f) = I4(f) = I5(f) = 0 and the contributions of the non-
central elements vanish in I6(f). Hence, the estimation for I6(f) can be proved by [59, Lemma
2.14] and (6.2). The estimation for I2(f) follows from Lemmas 5.11 and 5.12. 
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Proposition 6.3. (Weight aspect) Fix a level N > 0. There exist positive constants a′ and b′
such that
I2(f)× vol(K(N))−1 × |ν(α)|−
k1+k2
2
S′ = O(p
κ
S′(k1 − k2 + 1)(k1 + k2 − 3))
I3(f)× vol(K(N))−1 × |ν(α)|−
k1+k2
2
S′ = O(p
κ
S′(k1 − 1)(k2 − 2)),
{I4(f) + I6(f)} × vol(K(N))−1 × |ν(α)|−
k1+k2
2
S′ = O(p
a′κ+b′
S′ (k1 + k2 − 3)),
I5(f)× vol(K(N))−1 × |ν(α)|−
k1+k2
2
S′ = O(p
a′κ+b′
S′ (k1 + k2 − 3))
for any (k1, k2), κ ≥ 1, S′, and fS′,α, which satisfy the conditions k1 ≥ k2 ≥ 3, fS′,α ∈
Hur(G(QS′))
κ, and N is prime to
∏
p∈S′ p.
Proof. For each M in L, let YM denote the set of M(A)-conjugacy classes of semisimple R-elliptic
elements of M(Q) whose contributions to Igeom(f) are non-zero. By [59, Proposition 8.7], one
finds |YM | = O(pa1κ+b1S′ ) where a1 and b1 are certain positive numbers. Furthermore, there exist
positive numbers a2 and b2 such that a
M (S, γ)JM (γ, hP ) = O(p
a2κ+b2
S′ ) holds for each semisimple
R-elliptic element γ in YM . This fact is due to [59, Proof of Theorem 9.19]. Hence, the estimation
for I4(f) and I6(f) follows from these results of [59] and Lemmas 5.4 and 5.5.
Here I3(f) is the total contribution of zδ1 (z ∈ ZG(Q)) and the center z must satisfy ν(α) = z2.
Hence, only the G(Q)-conjugacy class of zαδ1 can contribute to I3(f). Therefore, the estimation
for I3(f) is deduced from Lemmas 5.13 and 5.14. By the same argument, only the G(Q)-conjugacy
class of zαumin contributes to I2(f). Hence, the estimation for I2(f) follows from Lemmas 5.11
and 5.12.
Next we shall consider the term I5(f). By Lemma 5.15, it is enough to treat the (G,S)-
conjugacy class γ such that Gγs is isomorphic to G1, G2, or G3. By Lemmas 5.17, 5.18, 5.19,
each the contribution is bounded by the product of a constant,
∏
p∈S′ or p|N p
ǫ and a semisimple
R-elliptic orbital integral of hP for a proper standard parabolic subgroup P . Therefore, we can
reduce the estimation for I5(f) to the semisimple case as above. Hence, the proof is completed. 
Finally we treat I1(f). Suppose γ = zγ · I4 ∈ ZG(Q). By (5.12) it satisfies
γ ∈ Supp(h) = (z′αK(N))×G(ZS′)αG(ZS′)×
∏
p∈S\S′∪{v|N∞}
Kp.
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Further γ can happen exactly when ν(α) ∈ (Q×S′)2. In this case, it follows that
γ =
{
zα ·E4 if N ≥ 3
±zα ·E4 otherwise
,
since S is sufficiently large (see (6.1) for z′α ∈ Z+G (Q)). Furthermore it follows from (5.12) again
that
ν(γ) = |zγ |2R = |ν(α)|−1S′ .
We define
ε(α) =
{
2 if N = 1, 2 and ν(α) ∈ (Q×S′)2
1 otherwise
which is nothing but εS′(α) in (4.8) for U = K(N). By Plancherel formula and the limit formula
we have
(−1)q(G(R))I1(f) = µ(G(Q)AG,∞\G(A)) dim ξ
∑
γ
γ−(k1+k2) · fS′,α(γ)
= µ(G(Q)AG,∞\G(A)) dim ξ
∑
γ
|γ|−(k1+k2)R · fS′,α(|γ|R) (by (2.11))
= µ(G(Q)AG,∞\G(A)) · dim ξ
∑
γ
µ̂plS′(f̂
γ
S′,α) · |ν(α)|
k1+k2
2
S′
= ε(α) · µ(G(Q)AG,∞\G(A)) · dim ξ · µ̂plS′(f̂
z′α
S′,α) · |ν(z′α)|
k1+k2
2
S′
(6.3)
where fγS′,α (resp. f
z′α
S′,α) is the translation by |γ|R (resp. |z′α|R) of fS′,α and we used
µ̂plS′(f̂
γ
S′,α) =
∫
Ĝ(QS′)
f̂γS′,α(π)µ̂
pl
S′(π) =
∫
Ĝ(QS′)
tr(π(fγS′,α))µ̂
pl
S′(π)
= fγS′,α(1) = fS′,α(|γ|R) = fS′,α(|z′α|R) = f
z′α
S′,α(1) = µ̂
pl
S′(f̂
z′α
S′,α).
Hence we have
(6.4)
|ν(α)|−
k1+k2
2
S′ I1(f)
ε(α) · µ(G(Q)AG,∞\G(A)) · dim ξ = (−1)
q(G(R))µ̂plS′(f̂
z′α
S′,α) = −µ̂plS′(f̂
z′α
S′,α).
Note that if ν(α) 6∈ (Q×S′)2, then both sides of (6.4) are zero giving the trivial identity.
Summing up we have obtained the following results which follow from Propositions 6.2, 6.3,
and (6.4).
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Theorem 6.4. (Level-aspect) Keep the notation as in Proposition 6.2. Then
|ν(α)|−
k1+k2
2
S′ Igeom(f)
ε(α) · µ(G(Q)AG,∞\G(A)) · dim ξ = −µ̂
pl
S′(f̂
z′α
S′,α) +A+O(p
aκ+b
S′ ϕ(N)N
−3),
where A = O(pκS′ϕ(N)N
−2), (N, pS′) = 1, and N ≥ N0p10κS′ .
Theorem 6.5. (Weight-aspect) Keep the notation as in Proposition 6.3. Then
|ν(α)|−
k1+k2
2
S′ Igeom(f)
ε(α) · µ(G(Q)AG,∞\G(A)) · dim ξ = −µ̂
pl
S′(f̂
z′α
S′,α) +B1 +B2 +O(
pa
′κ+b′
S′
(k1 − k2 + 1)(k1 − 1)(k2 − 2)),
where B1 = O(
pκ
S′
(k1−1)(k2−2)) and B2 = O(
pκ
S′
(k1−k2+1)(k1+k2−3)), and (N, pS′) = 1.
Remark 6.6. Shin’s condition in the weight aspect in [58] becomes:
k1 − k2−→∞, k2−→∞.
Theorem 6.5 can also treat in the case where k1 − k2 is constant while k2 tends to infinity. This
is a new direction of the weight aspect which has not been studied.
Remark 6.7. In Theorem 6.4, if we restrict automorphic forms to those with a fixed central
character χ ∈ ̂(Z/NZ)×, then we have the better result without ϕ(N) on the right hand side.
Accordingly the dimension of Siegel cusp forms with a fixed central character is smaller by a
factor of ϕ(N). (See Proposition 2.2.)
7. Proof of the main theorem
In this section we give a proof of Theorem 1.1 in the introduction.
Fix a prime p ∤ N . Let U = K(N) and S′ = {p}. For any κ ∈ Z≥0, let fp be the characteristic
function of Kpdiag(p
−a1 , p−a2 , pa1−κ, pa2−κ)Kp, 0 ≤ a2 ≤ a2 ≤ κ.
If k1 ≥ k2 ≥ 4, it is immediate by Proposition 5.3, Theorems 6.4 and 6.5.
If k2 = 3, we need to estimate the traces of Hecke operators on the residual spectrum and a
part of cuspidal space related to non-tempered representations ωl1 .
If k1 > k2 = 3, by Propositions 4.1 and 4.6,∑
∗∈{cusp,res}
µ̂K(N),ξk,ωl1 ,∗(f̂p) = (dimξk)
−1(O(p
κ
2N−4+ε) +O(p
κ
2 k1N
−6)).
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If k1 = k2 = 3, by (4.2), Propositions 4.1 and 4.6,
µ̂K(N),ξk,1(f̂p) +
∑
∗∈{cusp,res}
µ̂K(N),ξk,ωl1 ,∗(f̂p)
= (dimξk)
−1(O(p
κ
2N−4+ε) +O(p
κ
2 k1N
−6) +O(p
3κ
2 N−10)).
Notice that the above error terms are subsumed in the error terms in Theorems 6.4 and 6.5.
Therefore Theorem 1.1 follows from Proposition 5.3, Theorems 6.4 and 6.5. This completes a
proof of the main theorem.
8. Applications
8.1. The classical formulation. In this subsection we reformulate Theorem 1.1 in terms of
classical Siegel modular forms. As we will see later, this will be used in the study of Hecke fields
and low-lying zeros.
Let χ : (Z/NZ)×−→C× be a Dirichlet character. Fix a square root χ(p) 12 for each fixed p ∤ N .
We write χ(p)
i
2 = (χ(p)
1
2 )i. Put Vk,N = Sk(Γ(N)) or Sk(Γ(N), χ) for k1 ≥ k2 ≥ 3. Let us recall
the Hecke operators Tm or T (p
i) on Vk,N for m ∈ ∆n(N) and p ∤ N . We normalize them as
T ′m = Tm/ν(m)
k1+k2−3
2 on Sk(Γ(N)) and T
′(pi) = T (pi)/(p
k1+k2−3
2 χ(p)
i
2 ) on Sk(Γ(N), χ). Put
dk,N = dimC Vk,N . Clearly if m = p
κE4, then
1
dk,N
tr(p−3κT ′pκE4 |Vk,N ) = 1.
Then by Theorem 1.1, we have the following theorem:
Theorem 8.1. There exist constants a1, b1, a
′
1, b
′
1 depending only on G such that for a prime
p ∤ N and m = diag(pa1 , pa2 , p−a1+κ, p−a2+κ), a1, a2, κ ∈ Z satisfying 0 ≤ a2 ≤ a1 ≤ κ and
m 6∈ ZG(Q),
(1) (Level-aspect)
1
dk,N
tr(T ′m|Vk,N ) = A+O(pa1κ+b1N−3), A = O(p−
κ
2N−2), N ≫ p10κ.
(2) (Weight-aspect)
1
dk,N
tr(T ′m|Vk,N ) = B1 +B2 +O(
pa
′
1κ+b
′
1
(k1 − k2 + 1)(k1 − 1)(k2 − 2)) (k1 + k2 →∞),
B1 = O(
p−
κ
2
(k1 − 1)(k2 − 2)), B2 = O(
p−
κ
2
(k1 − k2 + 1)(k1 + k2 − 3))
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Proof. Since ν(m) = pκ, by (2.21) the classical Hecke operator T ′m is interpreted as the action of
f = fK(N)(p
− 3
2
κ[Kpm
−1Kp])
( ⊗
ℓ∈S\{v|pN∞}
charKℓ
)
on the spectral side. Then the LHS of the main theorem is exactly 1dk,N tr(T
′
m|Vk,N ).
Notice that
dimSk(Γ(N)) ∼
(dimξk)ϕ(N)
vol(K(N))
, dimSk(Γ(N), χ) ∼
dimξk
vol(K(N))
.
Then multiplying the RHS of the equations in Theorem 6.4, 6.5 by p−
3
2
κ we obtain the results
with Remark 6.7. 
Remark 8.2. The weight aspect depends on how we increase the weight. For instance, if k1 = k2
goes to infinity, then B2 becomes the second main term and B1 is subsumed into the error term.
On the other hand, if k2 is fixed and k1 goes to infinity, then B1 becomes the second main term
and B2 is subsumed into the error term. This aspect would be a new case which has not been
studied before.
8.2. The vertical Sato-Tate theorem; proof of Theorem 1.3. Let K be the maximal open
compact subgroup of G(Qp) = GSp4(Qp). Let us first recall the Plancherel measure µ̂
pl
p for the
unitary dual of G(Qp). For our purpose it suffices to consider its restriction to the unramified
tempered classes Ĝ(Qp)
ur,temp
χ with a fixed unitary central character χ : Q
×
p −→C1. We denote it
by µ̂pl,tempp,χ . Then by Lemma 3.2 of [59], we have a natural bijection
(8.1) Ĝ(Qp)
ur,temp
χ ≃ [0, π]2
which is in fact a topological isomorphism. By Proposition 3.3 of [59], for a usual parameter
(θ1, θ2) of [0, π]
2, we have
µ̂pl,tempp,χ (θ1, θ2) =
(p+ 1)4
p4π2
·
∣∣∣∣∣ (1− e2
√−1θ1)(1− e2
√−1θ2)(1 − e
√−1(θ1+θ2))(1− e
√−1(θ1−θ2))
(1− p−1e2
√−1θ1)(1− p−1e2
√−1θ2)(1 − p−1e
√−1(θ1+θ2))(1− p−1e
√−1(θ1−θ2))
∣∣∣∣∣
2
dθ1dθ2.
Note that lim
p→∞ µ̂
pl,temp
p,1 = µ
ST
∞ . By transforming (θ1, θ2) into (x, y) = (2 cos θ1, 2 cos θ2), one has
the measure µp on Ω = [−2, 2]2 in the introduction.
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By Stone-Weierstrass theorem, the natural map Hur(G(Qp)) →֒ C∞c (G(Qp))−→C0(Ω,R) has
the dense image where the second map is given by the restriction of the correspondence f 7→ f̂
to Ω via (8.1).
Now apply Theorem 8.1 with m = p. Then Theorem 1.3 follows from Theorem 1.1.
8.3. Hecke fields; Proof of Corollary 1.5. Corollary 1.4 is a direct consequence of Theorem
1.3 and Theorem 4.2. To see the subsequent corollary we need to estimate the dimension of
the endoscopic lifts to Sk(Γ(N)). It reveals the contribution of the second main term of the
geometric side. (See the second term of the RHS in Theorem 1.1.) Let Sk(Γ(N))
en be the
subspace of Sk(Γ(N))
tm generated by Hecke eigen form F so that πF is endoscopic. By Theorem
4.2 we see that
dimSk(Γ(N))
en
dimSk(Γ(N))
= O(((k1 − 1)(k1 − 2))−1N−2+ǫ), as k1 + k2 +N →∞, (N, 11!) = 1.
Corollary 1.5 now follows from this with Theorem 1.3.
9. Properties of L-functions of Siegel cusp forms on GSp4
Put Sk(N) = Sk(Γ(N), 1) and HEk(N) = HEk(Γ(N), 1) as in the introduction. Given a
Siegel cusp form F ∈ HEk(N), let πF be the associated cuspidal representation of GSp4(A).
Throughout this section, we assume that the central character of πF is trivial and the level of
F satisfies (N, 11!) = 1 due to [20] to control the conductor under the functorial lift from the
endoscopic subgroup of GSp4.
9.1. Degree 4 spinor L-functions. Let us first assume that πF is a CAP representation. Since
k2 ≥ 3, by the classification of CAP representations, we must have k := k1 = k2 ≥ 3 and it
is associated to Siegel parabolic subgroup. As seen in Section 4.4, if (N, 11!) = 1 there exists
a newform f with trivial central character in S2k−2(Γ1(N)) ⊂ S2k−2(Γ11(N2)) so that πF comes
from πf via a theta lift or Saito-Kurokawa lift if it is of level one. We define the spinor L-function
for such πF by
L(s, πF ,Spin) := ζ(s+
1
2
)ζ(s− 1
2
)L(s, πf ).
Then the conductor of the L-function L(s, spin, πF ) divides N
2. Our definition of the L-functions
for CAP representations differs by local factors at bad places from Schmidt’s definition of L-
functions (see Theorem 5.2 of [55]), but it does not matter for the analytic properties we need
below.
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Next we assume that πF is endoscopic. As seen in Section 4.3 it can be obtained by a theta
lift from H(A) where H = GSO(4) or H = GSO(2, 2). We may put πF = θ(τ) = ⊗′vθv(τv)
for some cuspidal representation of τ = ⊗′vτv on H(A). Since πF is non-generic, only the case
H = GSO(4) happens. Let (π1, π2) be a pair of two cuspidal automorphic representations of
GL2(A) with the same central character obtained from τ via Jacquet-Langlands correspondence.
As seen before, by The´ore`me 3.2.3 of [20] it turns out that πi has a fixed vector under the action
of K1(N) under the assumption (N, 11!) = 1. We define
L(s, πF ,Spin) := L(s, π1)L(s, π2)
and it has the conductor dividing N4 since the conductor of each L(s, πi) divides N
2 by [37].
Finally we assume that πF is neither CAP nor endoscopic. Since F has a cohomological weight,
by [68], πF,p is weakly equivalent to a generic cuspidal representation π = ⊗′pπp of GSp4(A) so
that {πF,∞, π∞} makes up a L-packet of Π(GSp4(R)). Since F is non-endoscopic, the ℓ-adic
Galois representation associated to F is irreducible by Chebotarev density theorem and [12].
By the comparison theorem between de Rham cohomology and etale cohomology, πF and π
contribute simultaneously to the de Rham cohomology of the Siegel threefold SK(N) for K(N)
with the automorphic vector bundle corresponding to ξk. Hence π has a non-zero K(N)-fixed
vector and unramified outside of N provided that F is of level Γ(N).
We define
L(s, πF ,Spin) := L(s, π) =
∏
p<∞
Lp(s, πp) =
∞∑
n=1
λ˜F (n)n
−s.
This is independent of such a π since the multiplicity one is known for generic cuspidal represen-
tations of GSp4(A). Then for each prime p ∤ N , we may write
L(s, πF ,Spin)
−1
p = (1− α0pp−s)(1− α0pα1pp−s)(1− α0pα2pp−s)(1− α0pα1pα2pp−s),
λ˜F (p) = α0p + α0pα1p + α0pα2p + α0pα1pα2p = λF (p)p
− k1+k2−3
2 .
We note that λ˜F (p
2) = λF (p
2)p−(k1+k2+3) + p−1.
Since the central character is trivial, one has a relation α20pα1pα2p = 1. Let ΓR(s) = π
− s
2Γ( s2 )
and ΓC(s) = 2(2π)
−sΓ(s).
Lemma 9.1. Let Λ(s, πF ,Spin) = q(F )
s
2ΓC(s+
k1+k2−3
2 )ΓC(s+
k1−k2+1
2 )L(s, πF ,Spin). Then
Λ(s, πF ,Spin) = ǫ(πF )Λ(1− s, πF ,Spin),
where ǫ(πF ) ∈ {±1} and N ≤ q(F ) ≤ N4.
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Proof. We first bound the conductor q(F ). When πF is either CAP or endoscopic, it was proved
above. Otherwise, let π = ⊗′pπp of GL4(A) be the strong transfer of πF . The conductor q(F ) can
be written in terms of the local conductor of π. By Proposition 1 of [60] (see also the last few
lines of its proof) which is still true for not only supercuspidal representations but also square
integrable representations, the depth is preserved under the above transfer. For a prime p such
that πF,p is square integrable we have
ordp(q(F )) = c(πF,p) = c(πp) = 4(depth(πp) + 1) = 4(depth(πF,p) + 1)
where we applied Proposition 2.2 of [37] (resp. Main Theorem of [60]) to get the third (resp. the
second) equality. By definition of depth, π
K(N)
F 6= 0 implies depth(πp) ≤ ordp(N)− 1. This gives
ordp(q(F )) ≤ 4 · ordp(N) provided if πF,p is square integrable or unramified. In the remaining
cases we can directly compute the conductor by using the Table A.9 of [49] under the condition
π
K(N)
F 6= 0. 
Let
−L
′
L
(s, πF ,Spin) =
∞∑
n=1
Λ(n)aF (n)n
−s,
where Λ(n) is the von-Mangoldt function, and
aF (p
d) = αd0p + (α0pα1p)
d + (α0pα2p)
d + (α0pα1pα2p)
d.
For each m ∈ T (Q) we normalize the Hecke operator Tm so that T ′m := Tmν(m)−
k1+k2−3
2 and
accordingly T ′(pn) = T (pn)p−
n(k1+k2−3)
2 . For a Hecke eigen form F , we denote by λ′F,m (resp.
λ′F (p
n)) the Hecke eigenvalue of F for T ′m (resp. T ′F (p
n)). By using the relations (2.7) it is easy
to see that
aF (p) = λ
′
F (p), aF (p
2) = λ′F,t21 − (p− 1)λ
′
F,t2 −
(
1− 1
p
)(
1 +
1
p2
)
where t1 = diag(1, 1, p, p) and t2 = diag(1, p, p
2, p). To apply Theorem 8.1 we have to express
these values in terms of linear combinations of the eigenvalues for the Hecke operators which take
the shape of T ′m as in Theorem 8.1. Then we find the corresponding operators
T ′(p) = T ′t1 ,
T ′(p2) = T ′t21 − (p− 1)T
′
t2 −
(
1− 1
p
)(
1 +
1
p2
)
(p3T ′pE4)
respectively. Note that p3T ′pE4 acts on Sk(Γ(N)) as the identity map. Therefore we have
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Proposition 9.2. Assume (N, 11!) = 1. Put k = (k1, k2), k1 ≥ k2 ≥ 3 and dk,N := dimSk(N).
There exist constants a′′1, a
′′
2 , b
′′
1 , b
′′
2 , c
′′
1 , c
′′
2 , v1, v
′
1, w1, w
′
1 depending only on G such that
(1) (a) (level-aspect) Fix k1, k2. Then for N ≫ p10,
1
dk,N
∑
F∈HEk(N)
aF (p) = O(p
− 1
2N−2) +O(pv1N−3);
(b) (weight-aspect) Fix N . Then as k1 + k2 →∞,
1
dk,N
∑
F∈HEk(N)
aF (p) = B1 +B2 +O(
pv
′
1
(k1 − k2 + 1)(k1 − 1)(k2 − 2)),
B1 = O(
p−
1
2
(k1 − 1)(k2 − 2)), B2 = O(
p−
1
2
(k1 − k2 + 1)(k1 + k2 − 3))
(2) (a) (level-aspect) Fix k1, k2. Then for N ≫ p10,
1
dk,N
∑
F∈HEk(N)
aF (p
2) = −
(
1− 1
p
)(
1 +
1
p2
)
+O
(
(a′′1p
− 1
2 + a′′2p
1
2 )N−2
)
+O
(
pw1N−3
)
.
(b) (weight-aspect) Fix N . Then as k1 + k2 →∞,
1
dk,N
∑
F∈HEk(N)
aF (p
2) = −
(
1− 1
p
)(
1 +
1
p2
)
+B1 +B2 +O(
pw
′
1
(k1 − k2 + 1)(k1 − 1)(k2 − 2)) ,
B1 = O(
p−
1
2 b′′1 + p
1
2 b′′2
(k1 − 1)(k2 − 2)), B2 = O(
p−
1
2 c′′1 + p
1
2 c′′2
(k1 − k2 + 1)(k1 + k2 − 3)).
Proof. The claim follows from Theorem 8.1. 
9.2. Degree 5 standard L-functions. Let us first recall the standard L-function for πF =
⊗′pπF,p. Let τ = πF |Sp4 be the restriction of π to Sp4(A), and Π be the transfer of τ corresponding
to ω2|Sp4(C), where ω2 : GSp4(C) −→ GL5(C) is the homomorphism attached to the second
fundamental weight. Note that if ι : GSp4(C) →֒ GL4(C), ∧2◦ι = ω2⊕1. Therefore ∧2π = Π⊞1,
and L(s, πF ,St) = L(s, τ,St) = L(s,Π). For any unramified prime p,
L(s, πF ,St)
−1
p = (1− p−s)(1 − α1pp−s)(1 − α2pp−s)(1− α−11p p−s)(1− α−12p p−s).
Lemma 9.3. Let Λ(s, πF ,St) = q(F,St)
s
2ΓR(s)ΓC(s+ k1 − 1)ΓC(s+ k2 − 2)L(s, πF ,St). Then
Λ(s, πF ,St) = ǫ(πF ,St)Λ(1 − s, πF ,St),
where ǫ(πF ,St) ∈ {±1}, and N ≤ q(F,St) ≤ N28.
(G. Henniart noted in a private communication that we would have q(F,St)≪ (N4) 32 = N6.)
AN EQUIDISTRIBUTION THEOREM FOR HOLOMORPHIC SIEGEL MODULAR FORMS FOR GSp4 63
Proof. We bound the conductor q(F,St) since others are well-known. By Lemma 9.1 we have
know that q(F ) ≤ N4. Let π be the strong transfer of πF to GL4(A). Then the global conductor
q(π) coincides with q(F ). Then the conductor is roughly estimated by the main theorem of [11]
as follows:
q(F,St) ≤ q(π ⊗ π) ≤ N4(2·4−1) = N28.
This gives us the claim. 
Let
L(s, πF ,St) =
∞∑
n=1
µF (n)n
−s.
Then
µF (p) = 1 + α1p + α2p + α
−1
1p + α
−1
2p , λ
′
F (p)
2 − λ′F (p2)− p−1 = µF (p) + 1.
Let
−L
′
L
(s, πF ,St) =
∞∑
n=1
Λ(n)bF (n)n
−s,
where
bF (p
d) = 1 + αd1p + α
d
2p + α
−d
1p + α
−d
2p .
Note that aF (p
2) = λ′F (p)
2 − bF (p)− 1 = λ′F (p2) + p−1, and
(9.1) bF (p) = µF (p) = p
−1λ′F,t2 + p
−2.
By using the relations (2.7), we see that
(λ′F,t2)
2 = λ′F,diag(1,p2,p4,p2)+(p+1)λ
′
F,diag(p,p,p3,p3)+(p
2−1)λ′F,diag(p,p2,p3,p2)+p−6(1+p+p3+p4).
Therefore,
bF (p
2) = bF (p)
2 − 2aF (p2)− 2bF (p)− 2(9.2)
= (pλ′F,t2 + p
−2)2 − 2(λ′F (p2) + p−1)− 2aF (p2)− 2
= p2(λ′F,t2)
2 + 2p−1λ′F,t2 − 2λ′F,t2 − 2aF (p2) + p−4 − 2p−1 − 2
= p2λ′F,diag(1,p2,p4,p2) + p
2(p + 1)λ′F,diag(p,p,p3,p3) + p
2(p2 − 1)λ′F,diag(p,p2,p3,p2)
+(2p−1 − 2)λ′F,t2 − 2
(
λ′F,t21 − (p − 1)λ
′
F,t2 −
(
1− 1
p
)(
1 +
1
p2
))
− 1− p−1 + p−3 + 2p−4,
= p2λ′F,diag(1,p2,p4,p2) + p
2(p + 1)λ′F,diag(p,p,p3,p3) + p
2(p2 − 1)λ′F,diag(p,p2,p3,p2)
+2(p+ p−1 − 2)λ′F,t2 − 2λ′F,t21 + 1− 3p
−1 + 2p−2 − p−3 + 2p−4,
64 HENRY H. KIM, SATOSHI WAKATSUKI AND TAKUYA YAMAUCHI
where t1 = diag(1, 1, p, p) and t2 = diag(1, p, p
2, p). To obtain an estimation for the aver-
age of bF (p
2), according to (9.2), we apply Theorem 8.1 to λ′F,diag(1,p2,p4,p2), λ
′
F,diag(p,p,p3,p3),
λ′F,diag(p,p2,p3,p2), λF,t2 , and λF,t21 .
Remark 9.4. We can see easily that L(s,Π,∧2) = L(s, π,Sym2). Under the Langlands func-
toriality conjecture, we expect Sym2(π) to be an automorphic representation of GL10. Since
L(s, π,∧2) has a pole at s = 1, L(s, π,Sym2) has no pole at s = 1. Let L(s, π,Sym2) =∑∞
n=1 λSym2π(n)n
−s. Then λSym2π(p) = λ˜F (p
2) = λ′F (p
2) + p−1.
Recall that Sk(N) = Sk(Γ(N), 1) and HEk(N) = HEk(Γ(N), 1). Then by Theorem 8.1 we
have the following:
Proposition 9.5. Put k = (k1, k2) and dk,N := dimSk(N). There exist constants v1, v
′
1, w1, w
′
1
depending only on G such that
(1) (a) (level-aspect) Fix k1, k2. Then for N ≫ p30,
1
dk,N
∑
F∈HEk(N)
bF (p) = −p−2 +O(p−
3
2N−2) +O(pv1N−3).
(b) (weight-aspect) Fix N . Then as k1 + k2 →∞,
1
dk,N
∑
F∈HEk(N)
bF (p) = −p−2 +B1 +B2 +O( p
v′1
(k1 − k2 + 1)(k1 − 1)(k2 − 2)),
B1 = O(
p−
3
2
(k1 − 1)(k2 − 2)), B2 = O(
p−
3
2
(k1 − k2 + 1)(k1 + k2 − 3)).
(2) (a) (level-aspect) Fix k1, k2. Then for N ≫ p10,
1
dk,N
∑
F∈HEk(N)
bF (p
2) = 1− 3p−1 + 2p−2 − p−3 + 2p−4 +O (p2fA(p−1)N−2) +O (pw1N−3) .
(b) (weight-aspect) Fix N . Then as k1 + k2 →∞,
1
dk,N
∑
F∈HEk(N)
aF (p
2) = 1−3p−1+2p−2−p−3+2p−4+B1+B2+O( p
w′1
(k1 − k2 + 1)(k1 − 1)(k2 − 2)) ,
B1 = O(
p2fB1(p
−1)
(k1 − 1)(k2 − 2)), B2 = O(
p2fB1(p
−1)
(k1 − k2 + 1)(k1 + k2 − 3)),
where fA(X), fB1(X), fB2(X) are the polynomials over Q of the degree four in X whose coeffi-
cients are independent of p, k1, k2, and N .
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10. One level-density
We follow the exposition in [14]. Katz and Sarnak [31] proposed a conjecture on low-lying
zeros of L-functions in natural families F, which says that the distributions of the low-lying zeros
of L-functions in a family F is predicted by a symmetry group G(F) attached to F: For a given
entire L-function L(s, π), we denote the non-trivial zeros of L(s, π) by 12+γj
√−1. Since we don’t
assume GRH for L(s, π), γj can be a complex number. Let φ(x) be a Schwartz function which is
even and whose Fourier transform
φˆ(y) =
∫ ∞
−∞
φ(x)e−2πxy
√−1dx
has a compact support. We define
D(π, φ) =
∑
γj
φ
( γj
2π
log cπ
)
where cπ is the analytic conductor of L(s, π).
Let F(X) be the set of L-functions in F such that X < cπ < 2X. The one-level density
conjecture says that, for a Schwartz φ(x) which is even and whose Fourier transform φˆ(y) is
compactly supported,
lim
X→∞
1
#F(X)
∑
π∈F(X)
D(π, φ) =
∫ ∞
−∞
φ(x)W (G(F)) dx,
where W (G(F)) is the one-level density function.
There are five possible symmetry type of families of L-functions: U, SO(even), SO(odd), O,
and Sp. The corresponding density functions W (G) are determined in [31]. They are
W (U)(x) = 1, W (SO(even))(x) = 1 +
sin 2πx
2πx
, W (O)(x) = 1 +
1
2
δ0(x),
W (SO(odd))(x) = 1− sin 2πx
2πx
+ δ0(x), W (Sp)(x) = 1− sin 2πx
2πx
.
By Plancherel’s formula (and because φ is even),∫ ∞
−∞
φ(x)W (G)(x)dx =
∫ ∞
−∞
φˆ(x)Ŵ (G)(x)dx.
It is useful to record that
Ŵ (U)(x) = δ0(x), Ŵ (SO(even))(x) = δ0(x) +
1
2
χ[−1,1](x), Ŵ (O)(x) = δ0(x) +
1
2
Ŵ (SO(odd))(x) = δ0(x)− χ[−1,1](x) + 1, Ŵ (Sp)(x) = δ0(x)−
1
2
χ[−1,1](x).
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10.1. Degree 4 spinor L-functions. We denote the non-trivial zeros of L(s, πF ,Spin) by σF =
1
2 +
√−1γF . We do not assume GRH, and hence γF can be a complex number. Let φ be a
Schwartz function which is even and whose Fourier transform has a compact support. Define
D(πF , φ,Spin) =
∑
γF
φ
(γF
2π
log ck,N
)
,
where log ck,N =
1
dk,N
∑
F∈HEk(N)
log c(F,Spin) for k = (k1, k2), and c(F,Spin) = (k1 + k2)
2(k1 −
k2 + 1)
2q(F ) is the analytic conductor (cf. [14]).
Proposition 10.1. Assume (N, 11!) = 1. Let φ be a Schwartz function which is even and whose
Fourier transform has a support sufficiently smaller than (−1, 1).
lim
k1+k2+N→∞
1
dk,N
∑
F∈HEk(N)
D(πF , φ,Spin) = φˆ(0) +
1
2
φ(0) =
∫
R
φ(x)W (G)(x) dx,
where G =SO(even), SO(odd), or O type. More precisely, let v1, w1, v
′
1, w
′
1 be as in Proposition
9.2.
(1) (level aspect) Fix k1, k2. Then for φ whose Fourier transform φˆ has support in (−u, u),
where u = min{ 34v1+2 , 34w1 , 140}, as N →∞,
1
dk,N
∑
F∈HEk(N)
D(πF , φ,Spin) = φˆ(0) +
1
2
φ(0) +O(
1
logN
).
(2) (weight aspect) Fix N . Then for φ whose Fourier transform φˆ has support in (−u, u),
where u = min{ 12v′1+1 ,
1
2w′1
}, as k1 + k2 →∞,
1
dk,N
∑
F∈HEk(N)
D(πF , φ,Spin) = φˆ(0) +
1
2
φ(0) +O(
1
log((k1 − k2 + 2)k1k2)).
Proof. For G(s) = φ
(
(s− 12)
log ck,N
2π
√−1
)
, by Cauchy’s theorem,
D(πF , φ,Spin) =
∑
γF
G(σF ) =
1
2π
√−1
∫
(2)
2G(s)
Λ′(s, πF ,Spin)
Λ(s, πF ,Spin)
ds.
We have
Λ′(s, πF ,Spin)
Λ(s, πF ,Spin)
=
1
2
log q(F ) + ψ(s + k1+k2−32 ) + ψ(s+
k1−k2+1
2 )−
∞∑
n=1
Λ(n)aK(n)
ns
where ψ(s) =
Γ′C(s)
ΓC(s)
.
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The contribution coming from the logarithmic derivative of L(s, πF ,Spin) is
1
2π
√−1
∫
(2)
2G(s)
(
−
∞∑
n=1
Λ(n)aF (n)
ns
)
ds
= − 2
log ck,N
∞∑
n=1
Λ(n)aF (n)
1
2π
√−1
∫
(2)
φ
((
s− 1
2
)
2π
√−1
)
n−sds
= − 2
log ck,N
∞∑
n=1
Λ(n)aF (n)√
n
∫ ∞
−∞
φ(y)e
−y 2π log n
log ck,N
√−1
dy
= − 2
log ck,N
∞∑
n=1
Λ(n)aF (n)√
n
φ̂
(
log n
log ck,N
)
.(10.1)
The contribution of the constant term A = 12 log q(F ) is
1
2πi
∫
(2)
2G(s)Ads =
log q(F )
2π
∫ ∞
−∞
φ
(
log ck,N
2π
y
)
dy =
log q(F )
2 log ck,N
∫ ∞
−∞
φ(y)dy =
log q(F )
log ck,N
φ̂(0).
For the Gamma factors’ contribution, we use, for a, t ∈ R, a > 0, (cf. [14])
Γ′
Γ
(a+ t
√−1) + Γ
′
Γ
(a− t√−1) = 2Γ
′
Γ
(a) +O(t2a−2).
For α ≥ 14 , Γ
′
Γ (α+
1
4) = logα+O(1). Hence the Gamma factors contribute
2 log(k1 + k2) + 2 log(k1 − k2 + 1)
log ck,N
φ̂(0) +O
(
1
log3 ck,N
)
.
It is shown in [15] that the prime powers pl, l ≥ 3 from (10.1), contribute O
(
1
log ck,N
)
; If πF
satisfies the Ramanujan conjecture, |aF (n)| ≤ 4, and it is obvious. Hence
1
dk,N
∑
F∈HEk(N)
D(πF , φ,Spin) = φ̂(0)
− 2
(log ck,N )dk,N
∑
F∈HEk(N)
∑
p
aF (p) log p√
p
φ̂
(
log p
log ck,N
)
− 2
(log ck,N )dk,N
∑
F∈HEk(N)
∑
p
aF (p
2) log p
p
φ̂
(
2 log p
log ck,N
)
+O
(
1
log ck,N
)
.
Let a˜F (p) = aF (p
2) + 1. We note, from the prime number theorem,∑
p
φ̂
(
2 log p
log ck,N
)
2 log p
p log ck,N
=
∫ ∞
2
φ̂
(
2 log t
log ck,N
)
2 log t
t log ck,N
dπ(t) +O
(
1
log ck,N
)
=
1
2
φ(0) +O
(
1
log ck,N
)
.
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Hence
1
dk,N
∑
F∈HEk(N)
D(πF , φ) = φ̂(0) +
1
2
φ(0)
− 2
(log ck,N)dk,N
∑
F∈HEk(N)
∑
p
aF (p) log p√
p
φ̂
(
log p
log ck,N
)
(10.2)
− 2
(log ck,N)dk,N
∑
F∈HEk(N)
∑
p
a˜F (p) log p
p
φ̂
(
2 log p
log ck,N
)
+O
(
1
log ck,N
)
.(10.3)
Now we exchange the two sums and use Proposition 9.2. Here in order to use Proposition
9.2, we need to assume that p ∤ N . But
∑
p|N
log p√
p ≪
√
N and
∑
p|N
log p
p ≪ logN . Hence they
contribute to the error term. So if the support of φˆ is (−u, u) for an appropriate u < 1, then
1
dk,N
∑
F∈HEk(N)
D(πF , φ,Spin) = φ̂(0) +
1
2
φ(0) +O
(
1
log ck,N
)
.

Remark 10.2. Since the support of φˆ is smaller than (−1, 1), we cannot distinguish the symmetry
type among SO(even), SO(odd), or O type. In order to distinguish them, we need to compute
the n-level density (cf. [15]). We will show in an upcoming paper that when the root number
ǫ(πF ) = 1, the symmetry type is SO(even); when the root number ǫ(πF ) = −1, the symmetry type
is SO(odd).
10.2. Degree 5 standard L-functions. As in the degree 4 spin L-function case, denote the
non-trivial zeros of L(s, πF ,St) by σF =
1
2 +
√−1γF . We do not assume GRH, and hence γF can
be a complex number. Let φ be a Schwartz function which is even and whose Fourier transform
has a compact support. Define
D(πF , φ,St) =
∑
γF
φ
(γF
2π
log ck,st,N
)
,
where log ck,st,N =
1
dk,N
∑
F∈HEk(N) log c(F,St), and c(F,St) = (k1k2)
2q(F,St) is the analytic
conductor.
As in the degree 4 spinor L-function case, we can show that
AN EQUIDISTRIBUTION THEOREM FOR HOLOMORPHIC SIEGEL MODULAR FORMS FOR GSp4 69
1
dk,N
∑
F∈HEk(N)
D(πF , φ,St) = φ̂(0)− 1
2
φ(0)
− 2
(log ck,st,N)dk,N
∑
F∈HEk(N)
∑
p
bF (p) log p√
p
φ̂
(
log p
log ck,st,N
)
(10.4)
− 2
(log ck,st,N)dk,N
∑
F∈HEk(N)
∑
p
b˜F (p) log p
p
φ̂
(
2 log p
log ck,st,N
)
+O
(
1
log ck,st,N
)
(10.5)
where b˜F (p) = bF (p
2) − 1. (If πF satisfies the Ramanujan conjecture, then |bF (pl)| ≤ 5 and we
can show easily that the prime powers pl, l ≥ 3, contribute to O
(
1
log ck,st,N
)
. In the appendix,
we show it without the Ramanujan conjecture.)
By interchanging two sums and using Proposition 9.5 as in Section 10.1, we see that if the
support of φˆ is (−u, u) for an appropriate u < 1,
1
dk,N
∑
F∈HEk(N)
D(πF , φ,St) = φ̂(0)− 1
2
φ(0) +O
(
1
log ck,st,N
)
.
Hence we have proved
Proposition 10.3. Let φ be a Schwartz function which is even and which its Fourier transform
has a support sufficiently smaller than (−1, 1).
lim
k1+k2+N→∞
1
dk,N
∑
F∈HEk(N)
D(πF , φ,St) = φˆ(0)− 1
2
φ(0) =
∫
R
φ(x)W (Sp)(x) dx.
More precisely, let v1, w1, v
′
1, w
′
1 be as in Proposition 9.5.
(1) (level aspect) Fix k1, k2. Then for φ whose Fourier transform φˆ has support in (−u, u),
where u = min{ 328v1+14 , 3w1 , 1840}, as N →∞,
1
dk,N
∑
F∈HEk(N)
D(πF , φ,St) = φˆ(0)− 1
2
φ(0) +O(
1
logN
).
(2) (weight aspect) Fix N . Then for φ whose Fourier transform φˆ has support in (−u, u),
where u = min{ 1
2v′1+1
, 1
2w′1
, 18}, as k1 + k2 →∞,
1
dk,N
∑
F∈HEk(N)
D(πF , φ,St) = φˆ(0)− 1
2
φ(0) +O(
1
log((k1 − k2 + 2)k1k2)).
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11. Stable vs unstable pseudo-coefficients
In this section we compare Shin’s results [58] with ours. This would explain how using a single
pseudo-coefficient violates a symmetry, and how the defect corresponds to the non-semisimple
contributions on the geometric side and non-holomorphic endoscopic lifts on the spectral side.
Let (l1, l2) = (k1 − 1, k2 − 2) be the Harish-Chandra parameter and let Dlargel1,l2 be the large
discrete series of G(R) = GSp4(R) so that {Dholl1,l2 ,D
large
l1,l2
} makes up an L-packet of ∏(G(R)) (see
Section 2.3 of [65] for Dlargel1,l2 and [45] for an interpretation as C
∞ classical forms). Note that
irreducible components of Dholl1,l2 |Sp4(R) and D
large
l1,l2
|Sp4(R) form an L-packet of
∏
(Sp4(R)) which
consists of four elements.
Let S˜k(N) be the set introduced in Remark 1.9.
Suppose π ∈ S˜k(N) is not a CAP form, and non-endoscopic. Let π = π∞ ⊗ πf . By Weissauer
[68], if π∞ ≃ Dholl1,l2 , there exists a cuspidal representatin π′ = π′∞ ⊗ π′f such that π′∞ ≃ D
large
l1,l2
and π′f ≃ πf . Conversely, if π∞ ≃ Dlargel1,l2 , there exists a cuspidal representatin π′ = π′∞⊗π′f such
that π′∞ ≃ Dholl1,l2 and π′f ≃ πf .
Now suppose π is endoscopic and π∞ ≃ Dholl1,l2 . Then by Roberts [48], there exists a cuspidal
representatin π′ = π′∞⊗π′f such that π′∞ ≃ Dlargel1,l2 and π′f ∼ πf . (Here ∼ means weak equivalence,
and in fact equivalent outside the ramification of π.)
However, if π is endoscopic and π∞ ≃ Dlargel1,l2 , there does not exist a cuspidal representation π′
such that π′∞ ≃ Dlargel1,l2 and π′f ∼ πf . (For example, we cannot construct a holomorphic Siegel
cusp form from a pair of two elliptic cusp forms of level 1, but we can construct a cuspidal
representation with the infinity type Dlargel1,l2 .)
Therefore, holomorphic Siegel cusp forms always appear in pairs with cuspidal representations
with the infinity type Dlargel1,l2 , but there are cuspidal representations with the infinity type D
large
l1,l2
,
which do not appear in pairs. Let S˜k(N)
en,large be the subset of S˜k(N) consisting of Π such that
Π is endoscopic and Π∞ is isomorphic to the large discrete series D
large
l1,l2
. Then the same argument
in Section 4.3 works for the theta lift from GSO(2, 2) to GSp4 and we have
dim S˜k(N)
en,large = O((k1 − k2 + 1)(k1 + k2 − 3)N8+ǫ), as k1 + k2 +N →∞.
Therefore
dim S˜k(N)
en,large
dimSk(N)
= O(((k1 − 1)(k1 − 2))−1N−2+ǫ), as k1 + k2 +N →∞,
which might be related to the second main term A,B1 of Theorem 1.1.
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For ∗ ∈ {hol, large} and each D∗l1,l2 , we choose a pseudo coefficient f∗ξk ∈ C∞c (G(R)). Put
f totξk := f
hol
ξk
+ f largeξk , where we may call it “stable” pseudo-coefficient. (This is called Euler-
Poincare´ function in [58].) Note that if we work on Sp4, we would consider f
tot
ξk
:= fholξk + f
large
ξk
+
fanti−largeξk + f
anti−hol
ξk
.
As Shin [58] did, by using f totξk in the Arthur-Selberg trace formula, we can avoid the non-
semisimple contributions. However the trace tr(f totξk ) collects various automorphic forms both
holomorphic cusp forms and non-holomorphic cusp forms. On the other hand in this paper
we used a single pseudo-coefficient fholξk to collect only holomorphic cusp forms. Such a pseudo-
coefficient might be called “unstable”. Thereby we had to calculate non-semisimple contributions
whose behaviors have not been understood well.
Let µ̂Shin be the measure for U = K(N) introduced in [58]. As in Section 4.5, we can define, by
using a pseudo-coefficient of Dlargel1,l2 (cf. Section 2.3 of [65]), the counting measure µ̂
en
K(N),ξk,D
large
l1,l2
on S˜k(N)
en,large.
It is not difficult to estimate non-holomorphic residual spectrum part as in Section 4. Then
we would have the following: for any f = fS in Proposition 6.1, the difference
µ̂Shin(f̂)− 2µ̂K(N),ξk,Dholl1,l2 (f̂) = µ̂
en
K(N),ξk,D
large
l1,l2
(f̂) + (remainder)
would be
(1) (level-aspect) A+O(paκ+bS′ ϕ(N)N
−3), as N →∞;
(2) (weight-aspect) B1 +B2 +O(
pa
′κ+b′
S′
(k1 − k2 + 1)(k1 − 1)(k2 − 2)), as k1 + k2 →∞,
where A,B1, B2 are the second main terms in Theorem 1.1. Note also that the remainder in RHS
comes from CAP representations and residual spectrum, and it would be subsumed into the error
term.
Hence we expect that the second terms A,B1 correspond to Sk(Γ(N))
en,large. However, B2 is
still mysterious and it seems interesting to figure out what kind of representations contribute to
B2. We will confirm the above speculation elsewhere.
12. Appendix
We prove ∑
pl, l≥3
|bF (pl)| log p
p
l
2
,
converges, without the assumption of Ramanujan conjecture.
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Recall the bound on the Satake parameters [41]: Let π be a cuspidal representation of GLm,
and let {α1(p), ..., αm(p)} be Satake parameters. Then |αi(p)| ≤ p
1
2
− 1
m2+1 .
Hence |bF (pl)| ≤ 5p l2− l26 . So∑
p
∑
l≥52
|bF (pl)| log p
p
l
2
≪
∑
p
log p
∑
l≥52
(p−
1
26 )l ≪
∑
p
log p
p2
= O(1).
Hence it is enough to prove that for each l ≥ 3, the series ∑p |bF (pl)| log p
p
l
2
converges.
Recall the classification of spherical generic unitary representations of GSp4(Qp):
(1) L(µ1, µ2, η); µ1, µ2, η are unitary characters;
(2) L(νβµ, νβµ−1, ν−βη); µ, η are unitary characters and µ2 6= 1 and 0 < β < 12 ;
(3) L(νβ, µ, ν−
β
2 η); µ 6= 1, ν are unitary characters and 0 < β < 1;
(4) L(νβ1µ, νβ2µ, ν−
β1+β2
2 η); µ, η are unitary characters and χ2 = 1 and 0 < β2 ≤ β1 < 1,
β1 + β2 < 1.
Hence Satake parameters of Πp are of the form
(1) S1 : 1, α1p, α2p, α
−1
1p , α
−1
2p , where |αip| = 1;
(2) S2 : 1, p
βαp, p
βα−1p , p−βαp, p−βα−1p , where |αp| = 1;
(3) S3 : 1, p
β, p−β , αp, α−1p , where |αp| = 1;
(4) S4 : 1, p
β1αp, p
β2αp, p
−β1α−1p , p−β2α−1p , where |αp| = 1.
Clearly,
∑
p∈S1
|bF (pl)| log p
p
l
2
converges.
For S2, note that
|bF (pl)| = |1 + (plβ + p−lβ)(αlp + α−lp )| ≤ 2plβ + 3.
and |aF (p)| = |pβ + p−β + αp + α−1p | ≥ pβ − 3. Hence
|bF (pl)| ≪ |aF (p)|l ≪ |aF (p)|2p
l−2
2
− l−2
17 .
Therefore, ∑
p∈S2
|bF (pl)| log p
p
l
2
≪
∑
p
|aF (p)|2
p1+
l−2
17
.
Since L(s, π × π) converges absolutely for Re(s) > 1, the above series converges.
For S3, note that
1 + pβ + p−β + |αp|+ |α−1p | ≤ |1 + pβ + p−β + αp + α−1p )|+ 6.
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Hence |bF (pl)| ≪ |bF (p)|l ≪ |bF (p)|2p
l−2
2
− l−2
26 . So
∑
p∈S3
|bF (pl)| log p
p
l
2
≪
∑
p
|bF (p)|2
p1+
l−2
26
.
Since L(s,Π×Π) converges absolutely for Re(s) > 1, the above series converges.
For S4, note that
1 + pβ1 + p−β1 + pβ2 + p−β2 ≤ |1 + pβ1αp + pβ2αp + p−β1α−1p + p−β2α−1p |+ 6.
Hence |bF (pl)| ≪ |bF (p)|l, and it is similar to S2 case.
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